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A generalization of the Voiculescu theorem for normal
operators in semifinite von Neumann algebras
Qihui Li, Junhao Shen, and Rui Shi
Abstract. In this paper, we provide a generalized version of the Voiculescu theorem for normal
operators by showing that, in a von Neumann algebra with separable pre-dual and a faithful
normal semifinite tracial weight τ , a normal operator is an arbitrarily small (max{‖ · ‖, ‖ · ‖2})-
norm perturbation of a diagonal operator. Furthermore, in a countably decomposable, properly
infinite von Neumann algebra with a faithful normal semifinite tracial weight, we prove that each
self-adjoint operator can be diagonalized modulo norm ideals satisfying a natural condition.
1. Introduction
Let H be a complex separable Hilbert space. Denote by B(H) the set of bounded linear
operators on H and by K(H) the set of compact operators in B(H). In 1909, Weyl [40] proved
that a self-adjoint operator in B(H) is a compact perturbation of a diagonal operator. Later,
in 1935, von Neumann [22] improved the result by replacing a “compact operator” with an
“arbitrarily small Hilbert-Schmidt operator”. That is, for a self-adjoint operator a in B(H) and
ǫ > 0, there exist a diagonal self-adjoint operator d in B(H) and a compact operator k in K(H)
such that
a = d+ k and ‖k‖2 ≤ ǫ,
where ‖ · ‖2 is the Hilbert-Schmidt norm of B(H). Recall that an operator d in B(H) is called
diagonal if there exist a family {en}∞n=1 of orthogonal projections in B(H) and a family {λn}
∞
n=1
of complex numbers such that d =
∑∞
n=1 λnen.
In 1957, Kato and Rosenblum [15, 27] showed that, up to unitary equivalence, the absolutely
continuous part of a self-adjoint operator in B(H) can not be changed by trace-class pertur-
bations. Thus, if a self-adjoint operator a in B(H) is not purely singular, then a can not be
diagonalized modulo the trace class. On the other hand, it was shown by Carey and Pincus
[5] that a purely singular self-adjoint operator in B(H) is a small trace class perturbation of a
diagonal operator.
In 1958, Kuroda [16] generalized the Weyl-von Neumann theorem for every single self-adjoint
operator in B(H) with respect to a unitarily invariant norm that is not equivalent to the trace
norm. More specifically, given ǫ > 0 and Φ(·) a unitarily invariant norm not equivalent to the
trace norm, for every self-adjoint operator a in B(H), there exist a diagonal self-adjoint operator
d in B(H) and a compact operator k in K(H) such that a = d+ k and Φ(k) ≤ ǫ.
Answering a question proposed by Halmos [12], Berg [4] and Sikonia [28] independently
provided an extension of the Weyl-von Neumann theorem for a single normal operator a in
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B(H) relative to the operator norm. In detail, for any given ǫ > 0, there exist a diagonal
operator d in B(H) and a compact operator k in K(H) such that a = d+ k and ‖k‖ ≤ ǫ. In the
same paper, Berg proposed an interesting question:Whether the k can be in the Hilbert-Schmidt
class.
Note that Berg’s result can also be viewed as an extension of the Weyl-von Neumann theorem
for two commuting self-adjoint operators in B(H) relative to the operator norm. The next
significant improvement of the Weyl-von Neumann theorem came in 1979 from Voiculescu [31]
by proving a version of the Weyl-von Neumann theorem for r commuting self-adjoint operators
in B(H) relative to norm ideals. Among many remarkable results, Voiculescu was able to show
that, for r ≥ 2, given r commuting self-adjoint operators a1, . . . , ar in B(H) and ǫ > 0, there
exist r commuting self-adjoint diagonal operators d1, . . . , dr in B(H) such that
‖ai − di‖r ≤ ǫ, for i = 1, . . . , r,
where ‖ · ‖r is the Schatten r-norm of B(H). In particular, a normal operator in B(H) is a
sum of a diagonal operator and a small Hilbert-Schmidt operator. These results of Voiculescu
were based on his striking non-commutative Weyl-von Neumann theorem in [30], which gave an
affirmative answer to the 8th problem proposed by Halmos [12] in 1970. (More developments
on diagonalizations of self-adjoint operators in B(H) can be found in [3], [32]-[39], [41]-[45] and
etc.)
A von Neumann algebra is a ∗-subalgebra of B(H0) that is closed in the strong operator
topology for a complex Hilbert space H0. In their fundamental papers [18], [19], [23], and
[20], Murray and von Neumann discussed some basic properties for von Neumann algebras and
separated von Neumann algebras into type I, type II and type III. A von Neumann algebra
is called “semifinite” if it has no direct summand of type III, or equivalently it has a faithful
normal semifinite tracial weight (see Remark 8.5.9 in [13] for details). A von Neumann algebra
M is countably decomposable if each orthogonal family of nonzero projections inM is countable.
A factor is a von Neumann algebra with a trivial center. Obviously, for a separable Hilbert space
H, B(H) is a countably decomposable semifinite factor.
It is natural to consider extensions of the Weyl-von Neumann theorem in the setting of von
Neumann algebras. Several results were obtained in the case of semifinite factors. Let N be a
countably decomposable semifinite factor and K(N ) a two-sided closed ideal generated by all
finite projections in N . A result by Zsido [46] in 1975 showed that, for a self-adjoint operator
a in N , there exists a diagonal operator d in N such that a − d ∈ K(N ), where an operator
d in N is called diagonal if there exist a family {en}
∞
n=1 of orthogonal projections in N and a
family {λn}∞n=1 of complex numbers such that d =
∑∞
n=1 λnen. This result was further extended
by Akemann and Pedersen in [1], when they verified that the operator norm of a − d can be
arbitrarily small. Later, in 1978, Kaftal [14] proved that, for a self-adjoint operator a in N and
ǫ > 0, there exists a diagonal operator d in N such that ‖a − d‖ < ǫ and ‖a − d‖2 < ǫ. Here
‖a− d‖2 , (τ(|a− d|2))1/2 and τ is a faithful normal semifinite tracial weight of N .
The main result of the paper is the following generalization of the Voiculescu Theorem for
normal operators in B(H) to the setting of von Neumann algebras.
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THEOREM 6.1.2 Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ . Let r ≥ 2 be a positive integer. Assume {ai}ri=1
is a family of commuting self-adjoint operators in N . Then, for any ǫ > 0, there is a family
{di}ri=1of commuting diagonal operators in N such that
max
1≤i≤r
{‖ai − di‖, ‖ai − di‖r} ≤ ǫ,
where ‖ai − di‖r = (τ(|ai − di|
r))1/r for each 1 ≤ i ≤ r.
THEOREM 6.2.5. Let M be a semifinite von Neumann algebra with separable pre-dual and
let τ be a faithful normal semifinite tracial weight of M. Assume a is a normal operator in M.
Given an ǫ > 0, there is a diagonal operator d in M such that
max{‖a− d‖, ‖a− d‖2} ≤ ǫ,
where ‖a− d‖2 = (τ(|a− d|2))1/2.
A key ingredient in the proofs of the preceding results is our Theorem 5.2.2, which partially
extends Voiculescu’s celebrated non-commutative Weyl-von Neumann theorem from B(H) to a
semifinite factor.
Besides Theorem 6.1.2 and Theorem 6.2.5, we also considered perturbations of a self-adjoint
operator in a von Neumann algebra and provided a generalization of Kuroda Theorem (see [16])
as follows.
THEOREM 3.2.2. LetM be a countably decomposable, properly infinite von Neumann algebra
with a faithful normal semifinite tracial weight τ and let KΦ(M, τ) be a norm ideal of (M, τ)
(see Definition 2.1.1 for its definition). Assume that
lim
τ(e)→∞
e∈PF(M,τ)
Φ(e)
τ(e)
= 0.
Let a ∈ M be a self-adjoint element. Then for every ǫ > 0, there exists a diagonal operator d
in M such that:
(i) a− d ∈ K0Φ(M, τ);
(ii) Φ(a− d) ≤ ǫ.
The paper is organized as follows. In Section 2, we prepare related notation, definitions,
and lemmas. In Section 3, we extend Kuroda Theorem for self-adjoint operators in a countably
decomposable, properly infinite von Neumann algebra with a faithful normal semifinite tracial
weight. In Section 4, a definition of Φ-well-behaved sets is introduced and some of its properties
are discussed. Examples of Φ-well-behaved sets are also given. In Section 5, an extended
Voiculescu’s non-commutative Weyl-von Neumann Theorem in semifinite factors is proved for
separable nuclear C∗-algebras relative to norm ideals. In Section 6, we prove that in a countably
decomposable, properly infinite, semifinite factor, for r ≥ 2, r mutually commuting self-adjoint
operators can be diagonalized simultaneously up to arbitrarily small perturbations with respect
to a (max{‖ · ‖, ‖ · ‖r})-norm. As a corollary, a normal operator in a countably decomposable,
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properly infinite, semifinite factor can be diagonalized up to an arbitrarily small (max{‖ · ‖, ‖ ·
‖2})-norm perturbation. By applying von Neumann’s reduction theory [24], a normal operator
in a von Neumann algebra with separable predual and a faithful normal semifinite tracial weight
τ can be diagonalized up to an arbitrarily small (max{‖ · ‖, ‖ · ‖2})-norm perturbation.
2. Preliminaries and Notation
In the paper we letM be a countably decomposable, properly infinite von Neumann algebra
with a faithful normal semifinite tracial weight τ . Let
PF(M, τ) = {e : e = e∗ = e2 ∈M and τ(e) <∞}
F(M, τ) = {xey : e ∈ PF(M, τ) and x, y ∈M}
K(M, τ) = ‖ · ‖-norm closure of F(M, τ) in M
be the sets of finite rank projections, finite rank operators, and compact operators respectively,
in (M, τ).
Remark 2.0.1. For a von Neumann algebraM, the ‖·‖-norm closed ideal generated by finite
projections in M is denoted K(M). Generally, K(M, τ) ⊆ K(M), because a finite projection
might not be a finite rank projection with respect to τ . However, ifM is a countably decomposable
semifinite factor, then K(M, τ) = K(M) for a faithful, normal, semifinite tracial weight τ .
For each x in M, we let R(x) denote the range projection of x in M. We will repeatedly
use the following facts in the paper.
(i) Let (M)+1 be the unit ball of positive operators inM. Suppose x, y are in (M)
+
1 . Then
xy = x = yx if and only if x ≤ R(x) ≤ y.
(ii) Suppose e is a nonzero projection inM. Then, by Proposition 8.5.2 in [13], there exists
a family {en}
∞
n=1 of orthogonal projections inM such that e =
∑∞
n=1 en and τ(en) <∞
for all n ∈ N.
Recall that the weak∗-topology onM is the topology onM induced from the predual ofM.
2.1. Norm ideals of semifinite von Neumann algebras.
Definition 2.1.1. A norm ideal KΦ(M, τ) of (M, τ) is a two sided ideal of M equipped
with a norm Φ : KΦ(M, τ)→ [0,∞), which satisfies
(i) Φ(uxv) = Φ(x) for all x ∈ KΦ(M, τ) and unitary elements u, v inM, i.e. Φ is unitarily
invariant;
(ii) there exists λ > 0 such that Φ(x) ≥ λ‖x‖ for all x ∈ KΦ(M, τ), i.e. Φ is ‖ · ‖-
dominating;
(iii) KΦ(M, τ) is a Banach space with respect to the norm Φ;
(iv) F(M, τ) ⊆ KΦ(M, τ) ⊆ K(M, τ).
The Φ-norm closure of F(M, τ) in KΦ(M, τ) will be denoted by K0Φ(M, τ), which is also a
norm ideal of (M, τ). If K0Φ(M, τ) = KΦ(M, τ), then KΦ(M, τ) is called a minimal norm ideal
of (M, τ).
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Remark 2.1.2. For the purpose of convenience, if x /∈ KΦ(M, τ), then we set Φ(x) =∞.
Example 2.1.3. See [31] for examples of norm ideals when (M, τ) = (B(H), T r), where H
is a separable complex Hilbert space and Tr is a canonical trace of B(H).
Example 2.1.4. K(M, τ) is a norm ideal of (M, τ) with respect to the ‖ · ‖-norm.
We list some useful properties of a norm ideal in the next lemma.
Lemma 2.1.5. Suppose that KΦ(M, τ) is a norm ideal in (M, τ). Then the following state-
ments are true.
(i) Φ(axb) ≤ ‖a‖Φ(x)‖b‖, for all x ∈ KΦ(M, τ) and a, b ∈M.
(ii) For all x ∈ KΦ(M, τ), x∗ ∈ KΦ(M, τ) and Φ(x) = Φ(x∗) = Φ(|x|).
(iii) If x, y ∈ KΦ(M, τ) such that 0 ≤ x ≤ y, then Φ(x) ≤ Φ(y).
(iv) If x ∈ F(M, τ) and R(x) is the range projection of x in M, then Φ(x) ≤ ‖x‖Φ(R(x)).
(v) Suppose that {xn}∞n=1 ⊆ K
0
Φ(M, τ) such that (1)
∑
n xn converges to x ∈ M in weak
∗-
topology and (2)
∑
n Φ(xn) <∞. Then x ∈ K
0
Φ(M, τ) and limk Φ(x−
∑k
n=1 xn) = 0.
Proof. (i), (ii) , (iii) and (iv) are obvious. We will need only to show (v). Since
∑
nΦ(xn) <
∞, it is clear that {
∑k
n=1 xn}
∞
k=1 is a Cauchy sequence in Φ-norm. From the condition that
{xn}∞n=1 ⊆ K
0
Φ(M, τ), we might assume that
∑
n xn converges to y ∈ K
0
Φ(M, τ) in Φ-norm.
From the property that Φ is ‖ · ‖-dominating, it follows that
∑
n xn converges to y in ‖ · ‖-
topology. Note that
∑
n xn converges to x ∈ M in weak
∗-topology. We can conclude that
x = y, which finishes the proof of the lemma. 
Examples of norm ideals of (M, τ) can come from the next lemma. Recall that Lr(M, τ),
for 1 ≤ r <∞, is the non-commutative Lr-spaces associated with (M, τ) and its norm ‖ · ‖r is
defined by
‖x‖r = (τ(|x|
r)1/r, ∀ x ∈ Lr(M, τ)
(see [26] for more details).
Lemma 2.1.6. Let 1 ≤ r <∞ and J = Lr(M, τ) ∩M. Define a mapping Φ on J by
Φ(x) = max{‖x‖r, ‖x‖}, ∀ x ∈ J .
Then J is a norm ideal of (M, τ) with respect to the norm Φ.
Proof. It is not hard to check that J is a two sided ideal of M and Φ is a norm on J .
Moreover, Φ is unitarily invariant and ‖ · ‖-dominating.
We will show that J is a Banach space with respect to Φ. Actually, assume that {xn} is
a Cauchy sequence in Φ-norm. Thus {xn} is a Cauchy sequence in both ‖ · ‖r-norm and ‖ · ‖-
norm. Therefore there exist y1 ∈ L
r(M, τ) and y2 ∈ M such that limn ‖y1 − xn‖r = 0 and
limn ‖y2 − xn‖ = 0. From Theorem 5 in [21], we get that {xn} converges to both y1 and y2 in
measure topology. This implies y1 = y2 ∈ J . Hence J is a Banach space with respect to Φ.
It is easy to see that F(M, τ) ⊆ J . Assume that 0 ≤ x ∈M such that ‖x‖r <∞. For any
λ > 0, let e(λ,∞) be the spectral projection of x onto σ(x) ∩ (λ,∞). Thus 0 ≤ λ · e(λ,∞) ≤ x. It
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follows that ‖λ · e(λ,∞)‖r ≤ ‖x‖r < ∞. Hence e(λ,∞) ∈ F(M, τ). Combining with the fact that
‖x− x · e(λ,∞)‖ ≤ λ, we conclude that x ∈ K(M, τ). Hence, J ⊆ K(M, τ).
Therefore, J is a norm ideal of (M, τ) with respect to the norm Φ. 
Remark 2.1.7. In the proof of last lemma, from the fact that τ is a normal weight of M
and ‖x‖r <∞, it follows that
lim
λ→0+
‖x− x · e(λ,∞)‖r = 0.
Thus such J is actually a minimal norm ideal of (M, τ) with respect to the norm Φ.
Definition 2.1.8. Let 1 ≤ r <∞. We define Kr(M, τ) to be Lr(M, τ) ∩M equipped with
the norm Φ satisfying Φ(x) = max{‖x‖r, ‖x‖}, for all x ∈ Lr(M, τ) ∩M. Thus Kr(M, τ) is a
minimal norm ideal of (M, τ).
Remark 2.1.9. More examples of norm ideals in (M, τ) can be found in noncommutative
Banach functional spaces (see [25] for details).
2.2. Extension of a norm ideal KΦ(M, τ) from M to M⊗B(H).
Let H be an infinite dimensional separable Hilbert space and let B(H) be the set of bounded
linear operators on H. Suppose that {fi,j}∞i,j=1 is a system of matrix units of B(H).
Recall that M is a countably decomposable, properly infinite von Neumann algebra with a
faithful, normal, semifinite tracial weight τ . There exists a sequence {vi}∞i=1 of partial isometries
in M such that
viv
∗
i = IM,
∞∑
i=1
v∗i vi = IM, and vjv
∗
i = 0 when i 6= j.
Let M⊗B(H) be a von Neumann algebra tensor product of M and B(H).
Definition 2.2.1. We introduce following two mappings:
φ :M→M⊗B(H) and ψ :M⊗B(H)→M
defined by, for all x ∈M and all
∑∞
i,j=1 xi,j ⊗ fi,j ∈M⊗ B(H),
φ(x) =
∞∑
i,j=1
(vixv
∗
j )⊗ fi,j and ψ(
∞∑
i,j=1
xi,j ⊗ fi,j) =
∞∑
i,j=1
v∗i xi,jvj .
Lemma 2.2.2. Both φ and ψ are normal ∗-homomorphisms satisfying
ψ ◦ φ = idM and φ ◦ ψ = idM⊗B(H).
Proof. It can be verified directly that φ and ψ are ∗-homomorphisms satisfying
ψ ◦ φ = idM and φ ◦ ψ = idM⊗B(H).
From Corollary III.3.10 in [29], both φ and ψ are normal. 
Definition 2.2.3. We will further define a mapping τ˜ : (M⊗B(H))+ → [0,∞] to be
τ˜(y) = τ(ψ(y)), ∀ y ∈ (M⊗B(H))+.
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From Lemma 2.2.2 and Definition 2.2.3, it follows our next result.
Lemma 2.2.4. (i) τ˜ is a faithful, normal, semifinite tracial weight of M⊗B(H).
(ii) τ˜(
∞∑
i,j=1
xi,j ⊗ fi,j) =
∞∑
i=1
τ(xi,i) for all
∞∑
i,j=1
xi,j ⊗ fi,j ∈ (M⊗B(H))
+.
(iii) We have
PF(M⊗B(H), τ˜ ) = φ(PF(M, τ)),
F(M⊗B(H), τ˜ ) = φ(F(M, τ)),
K(M⊗B(H), τ˜ ) = φ(K(M, τ)).
Remark 2.2.5. Preceding lemma shows that τ˜ is a natural extension of τ from M to M⊗
B(H). If no confusion arises, τ˜ will be also denoted by τ .
Definition 2.2.6. Let KΦ(M, τ) be a norm ideal of (M, τ) equipped with a norm Φ. We
define
K˜Φ˜ = φ(KΦ(M, τ)),
and
Φ˜(y) = Φ(ψ(y)), ∀y ∈ K˜Φ˜.
Lemma 2.2.7. The following statements are true.
(i) K˜Φ˜ is a norm ideal of (M⊗B(H), τ) with respect to the norm Φ˜.
(ii) If
∑∞
i,j=1 xi,j ⊗ fi,j ∈ K˜Φ˜, then xi,j ∈ KΦ(M, τ) for all i, j ≥ 1.
(iii) If x ∈ KΦ(M, τ), then x⊗ fi,j ∈ K˜Φ˜ and Φ(x) = Φ˜(x⊗ fi,j) for all i, j ≥ 1.
Proof. The results follow from definitions of K˜Φ˜, Φ˜, and Lemma 2.2.2, Lemma 2.2.4. 
Remark 2.2.8. Lemma 2.2.7 shows that if we identify M with M⊗f1,1 in M⊗B(H), then
K˜Φ˜ and Φ˜ can be viewed as extensions of KΦ(M, τ) and Φ from M to M⊗B(H).
Proposition 2.2.9. The norm ideal K˜Φ˜ equipped with the norm Φ˜ is independent of the
choice of the system of matrix units {fi,j}∞i,j=1 of B(H) and the choice of the family {vi}
∞
i=1 of
partial isometries in M.
Proof. Assume that {fˆi,j}∞i,j=1 is a family of system of matrix units of B(H) and {vˆi}
∞
i=1 is
a family of partial isometries on M such that
vˆivˆ
∗
i = IM,
∑
i
vˆ∗i vˆi = IM, and vˆj vˆ
∗
i = 0 when i 6= j.
Thus there exist unitary elements u in M and w ∈ B(H) such that
u∗vju = vˆj and w
∗fi,jw = fˆi,j. ∀ i, j ≥ 1.
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Let φˆ, ψˆ, KˆΦˆ and Φˆ be defined accordingly as φ, ψ, KΦ and Φ. We have
∞∑
i,j=1
xi,j ⊗ fi,j ∈ K˜Φ˜ ⇔
∞∑
i,j=1
uxi,ju
∗ ⊗ fi,j ∈ K˜Φ˜ (as K˜Φ˜ is a two-sided ideal)
⇔
∞∑
i,j=1
v∗i uxi,ju
∗vj ∈ KΦ(M, τ) (by definition of K˜Φ˜)
⇔
∞∑
i,j=1
u∗v∗i uxi,ju
∗vju ∈ KΦ(M, τ) (as KΦ(M, τ) is a two-sided ideal)
⇔
∞∑
i,j=1
vˆ∗i xi,j vˆj ∈ KΦ(M, τ) (by the choice of u)
⇔
∞∑
i,j=1
xi,j ⊗ fˆi,j ∈ KˆΦˆ (by definition of KˆΦˆ)
⇔
∞∑
i,j=1
xi,j ⊗ w
∗fˆi,jw ∈ KˆΦˆ (as KˆΦˆ is a two-sided ideal)
⇔
∞∑
i,j=1
xi,j ⊗ fi,j ∈ KˆΦˆ. (by the choice of w)
So
K˜Φ˜ = KˆΦˆ.
Similarly, it can be shown that
Φ˜(
∞∑
i,j=1
xi,j ⊗ fi,j) = Φˆ(
∞∑
i,j=1
xi,j ⊗ fi,j), for all
∞∑
i,j=1
xi,j ⊗ fi,j ∈ K˜Φ˜.
This completes the proof of the proposition. 
Remark 2.2.10. Because of Lemma 2.2.7 and Proposition 2.2.9, if no confusion arises, we
will use KΦ(M⊗B(H), τ) and Φ to denote K˜Φ˜ and Φ˜ in Definition 2.2.6.
2.3. Approximately unitarily equivalent mappings.
Let H be an infinite dimensional separable Hilbert space and let B(H) be the set of bounded
linear operators on H. Recall that M is a countably decomposable, properly infinite von Neu-
mann algebra with a faithful, normal, semifinite tracial weight τ . Let M⊗ B(H) be a von
Neumann algebra tensor product of M with B(H).
Let KΦ(M, τ) be a norm ideal of M. Let KΦ(M⊗B(H), τ) be a norm ideal of M⊗B(H)
extended from KΦ(M, τ) (see Definition 2.2.6 and Remark 2.2.10).
Let A be a separable C∗-subalgebra of M with an identity IA and B a ∗-subalgebra of A
such that IA ∈ B.
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Assume ψ is a positive mapping from A intoM such that ψ(IA) is a projection inM. Then
for all 0 ≤ x ∈ A, we have 0 ≤ ψ(x) ≤ ‖x‖ψ(IA). Therefore, ψ(x)ψ(IA) = ψ(IA)ψ(x) = ψ(x)
for all positive x ∈ A. In other words, ψ(IA) can be viewed as an identity of ψ(A). Or,
ψ(A) ⊆ ψ(IA)Mψ(IA).
Definition 2.3.1. Suppose {fi,j}i,j≥1 is a system of matrix units of B(H). Let M,N ∈
N ∪ {∞}. Suppose that ψ1, . . . , ψM and φ1, . . . , φN are positive mappings from A into M such
that ψ1(IA), . . . , ψM(IA), φ1(IA), . . . , φN(IA) are projections in M.
(a) Let F ⊆ B be finite and ǫ > 0. Then we call
ψ1 ⊕ · · · ⊕ ψM is (F, ǫ)-strongly-approximately-unitarily-equivalent to φ1 ⊕ · · · ⊕ φN over B,
denoted by
ψ1 ⊕ ψ2 ⊕ · · · ⊕ ψM ∼
(F,ǫ)
B φ1 ⊕ φ2 ⊕ · · · ⊕ φN , mod (KΦ(M, τ))
if there exists a partial isometry v in M⊗B(H) such that
(i) v∗v =
M∑
i=1
ψi(IA)⊗ fi,i and vv
∗ =
N∑
i=1
φi(IA)⊗ fi,i;
(ii)
M∑
i=1
ψi(x)⊗ fi,i − v
∗
(
N∑
i=1
φi(x)⊗ fi,i
)
v ∈ KΦ(M⊗B(H), τ) for all x ∈ B;
(iii) Φ
(
M∑
i=1
ψi(x)⊗ fi,i − v
∗
(
N∑
i=1
φi(x)⊗ fi,i
)
v
)
< ǫ for all x ∈ F .
(b) We call
ψ1 ⊕ · · · ⊕ ψM is strongly-approximately-unitarily-equivalent to φ1 ⊕ · · · ⊕ φN over B,
denoted by
ψ1 ⊕ ψ2 ⊕ · · · ⊕ ψM ∼B φ1 ⊕ φ2 ⊕ · · · ⊕ φN , mod (KΦ(M, τ))
if, for any finite subset F ⊆ B and ǫ > 0,
ψ1 ⊕ ψ2 ⊕ · · · ⊕ ψM ∼
(F,ǫ)
B φ1 ⊕ φ2 ⊕ · · · ⊕ φN , mod (KΦ(M, τ)).
Remark 2.3.2. If no confusion arises,
∑M
i=1 ψi(x)⊗fi,i and
∑N
i=1 φi(x)⊗fi,i are also denoted
by ψ1(x)⊕ · · · ⊕ ψM(x), and φ1(x)⊕ · · · ⊕ φN(x) respectively.
Remark 2.3.3. It is clear from the definition that ∼B is an equivalence relation and ∼
(F,ǫ)
B
is a reflexive and symmetric relation. By adding ǫ’s, ∼(F,ǫ)B may also be viewed as a “ transitive”
relation.
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3. Perturbations of A Self-adjoint Element in Semifinite von Neumann Algebras
LetM be a countably decomposable, properly infinite von Neumann algebra with a faithful
normal semifinite tracial weight τ and let PF(M, τ),F(M, τ),K(M, τ) be the sets of finite rank
projections, finite rank operators, and compact operators respectively, in (M, τ) (see Section 2
for their definitions).
3.1. Some lemmas.
In this section, we are interested in a class of norm ideals KΦ(M, τ) in (M, τ) that satisfies
lim
τ(e)→∞
e∈PF(M,τ)
Φ(e)
τ(e)
= 0.
As shown by next lemma, in the case of semifinite factors, this condition is closely related to
Kuroda’s characterization of ‖ · ‖1-norm of M (see [16]).
Lemma 3.1.1. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ and let KΦ(N , τ) be a norm ideal of (N , τ). Then
the following statements are equivalent.
(i) There exists a positive number λ such that
Φ(e) ≥ λτ(e), ∀ e ∈ PF(N , τ).
(ii) The limit
lim
τ(e)→∞
e∈PF(N ,τ)
Φ(e)
τ(e)
exists and is positive.
Proof. To prove the equivalence between (i) and (ii), it suffices to show the following
statement: if e and f are projections in N such that 0 < τ(e) ≤ τ(f) <∞, then
Φ(f)
τ(f)
≤
Φ(e)
τ(e)
.
Since N is a factor, we might assume that e ≤ f . Note that fN f is a finite factor with a
tracial state τf , defined by τf(x) =
τ(x)
τ(f)
for all x ∈ fN f. Let Φf be a mapping on fN f such
that Φf (x) =
Φ(x)
Φ(f)
for all x ∈ fN f. Thus Φf is a normalized unitarily invariant norm on a
finite factor fN f . By Corollary 3.31 in [11], we know that τf(e) ≤ Φf (e), whence
Φ(f)
τ(f)
≤
Φ(e)
τ(e)
.
This ends the proof of the lemma. 
The following easy result is sometime useful.
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Lemma 3.1.2. Let KΦ(M, τ) be a norm ideal of (M, τ). Assume δ is a positive number such
that
sup{τ(e) : e is a minimal projection in M } ≤ δ.
If λ > 0 and e1 is projection in M such that τ(e1) ≤ λ, then there exists a projection f1 in M
such that
λ ≤ τ(f1) ≤ λ+ δ and Φ(e1) ≤ Φ(f1).
Proof. From the assumption on minimal projections in M, it induces that there exists a
projection f1 in M such that e1 ≤ f1 and λ ≤ τ(f1) ≤ λ + δ. Hence the result of the lemma
holds. 
Recall that, for each x ∈M, we let R(x) be the range projection of x in M.
Lemma 3.1.3. Let a ∈ M be a self-adjoint element. For each x ∈ F(M, τ) and m ∈ N,
there exist a projection q in F(M, τ) and self-adjoint elements d, b in F(M, τ) such that:
(i) (I − q)x = 0;
(ii) d = dq = qd is diagonal and ‖d‖ ≤ ‖a‖;
(iii) a = d+ b+ (I − q)a(I − q);
(iv) ‖b‖ ≤ 3‖a‖/m, and τ(R(b)) ≤ 2m · τ(R(x)).
Proof. The result is trivial when x = 0. Therefore, we will assume that x 6= 0.
Note σ(a), the spectrum of a in M, is contained in the interval [−‖a‖, ‖a‖]. We partition
[−‖a‖, ‖a‖] into m equal subintervals, ∆1, . . . ,∆m, having length 2‖a‖/m. For 1 ≤ j ≤ m, let
ej be the spectral projection of a onto σ(a) ∩ ∆j and let qj = R(ejx), the range projection of
ejx in M. Let λj be a midpoint of ∆j .
Define
d ,
m∑
j=1
λjqj , q ,
m∑
j=1
qj and b , a− d− (I − q)a(I − q).
Thus, the following statements hold:
(a) qj ≤ ej, whence qi ⊥ qj for i 6= j;
(b) τ(qj) = τ(R(ejx)) = τ(R(x
∗ej)) ≤ τ(R(x
∗)) = τ(R(x)) <∞;
(c) τ(q) ≤ m · τ(R(x)), by definition of q.
Now, we will verify that q, d and b have the stated properties.
(i) The equality
qx =
m∑
j=1
qjx =
m∑
j=1
qjejx =
m∑
j=1
ejx = x
shows that (I − q)x = 0.
(ii) From (a) and the definition of d, it is clear that d = dq = qd is diagonal and ‖d‖ ≤ ‖a‖.
(iii) By the definition of b, we know that a = d+ b+ (I − q)a(I − q).
(iv) From the definition of b, it follows that
b = qaq −
∑m
j=1 λjqj + qa(I − q) + (qa(I − q))
∗
= q
∑m
j=1(a− λj)qj + qa(I − q) + (qa(I − q))
∗.
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Combining it with (c), one obtains that τ(R(b)) ≤ 2m · τ(R(x)). Note that
‖(I − q)aq‖ = ‖(I − q)a
∑m
j=1 qj‖
= ‖(I − q)a
∑m
j=1 qj − (I − q)
∑m
j=1 λjqj‖
≤ ‖
∑m
j=1(a− λj)qj‖.
Since qj is a subprojection of ej , it follows that
‖
m∑
j=1
(a− λj)qj‖ = ‖
m∑
j=1
ej(a− λj)qjej‖.
Therefore
∑m
j=1(a− λj)qj is block diagonal and
‖
m∑
j=1
(a− λj)qj‖ = max
1≤j≤m
‖ej(a− λj)qjej‖.
The fact that ej ’s are spectral projections of a and our choice of λj ensure that
‖(a− λj)qj‖ ≤ ‖ej(a− λj)ej‖ ≤ ‖a‖/m.
Thus, it follows that ‖b‖ ≤ 3‖a‖/m.
This ends the proof of the lemma. 
Proposition 3.1.4. Let KΦ(M, τ) be a norm ideal of (M, τ). Assume that
(a) there exists a positive number δ such that
sup{τ(e) : e is a minimal projection in M } ≤ δ;
(b) lim
τ(e)→∞
e∈PF(M,τ)
Φ(e)
τ(e)
= 0.
Let a ∈ M be self-adjoint. Then, for every x ∈ F(M, τ) and ǫ > 0, there exist a projection
q in F(M, τ) and self-adjoint elements d and b in F(M, τ) such that:
(i) (I − q)x = 0;
(ii) d = dq = qd is diagonal and ‖d‖ ≤ ‖a‖;
(iii) a = d+ b+ (I − q)a(I − q);
(iv) Φ(b) ≤ ǫ.
Proof. The result is trivial when x = 0. In the following, we will assume that x 6= 0. By
using Lemma 3.1.3, given x ∈ F(M, τ), there exist a sequence {qm}∞m=1 of projections and two
sequences {dm}∞m=1, {bm}
∞
m=1 of self-adjoint elements in F(M, τ), such that:
(i1) (I − qm)x = 0;
(ii1) dm = dmqm = qmdm is diagonal and ‖dm‖ ≤ ‖a‖;
(iii1) a = dm + bm + (I − qm)a(I − qm);
(iv1) ‖bm‖ ≤ 3‖a‖/m and τ(R(bm)) ≤ 2m · τ(R(x)).
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For each bm, Lemma 2.1.5 yields that
Φ(bm) ≤ ‖bm‖Φ(R(bm)).
By the Assumption (a), Lemma 3.1.2 and (iv1), for each R(bm) there exists a projection fm in
M such that
2m · τ(R(x)) ≤ τ(fm) ≤ 2m · τ(R(x)) + δ
and
Φ(R(bm)) ≤ Φ(fm).
Therefore,
Φ(bm) ≤ ‖bm‖Φ(R(bm)) ≤
3‖a‖
m
Φ(fm) = 3‖a‖
Φ(fm)
τ(fm)
τ(fm)
m
.
Note that τ(fm) → ∞ when m → ∞. By applying the Assumption (b), for m large enough
we can find self-adjoint elements dm, bm and a projection qm, all in F(M, τ), with desired
properties. 
Proposition 3.1.5. Let KΦ(M, τ) be a norm ideal of (M, τ). Assume that
(a) there exists a positive number δ such that
sup{τ(e) : e is a minimal projection in M } ≤ δ;
(b) lim
τ(e)→∞
e∈PF(M,τ)
Φ(e)
τ(e)
= 0.
Let a ∈M be self-adjoint and let {en}∞n=1 be a family of projections in F(M, τ). Let ǫ > 0.
Then there exist a sequence {qn}∞n=1 of projections in F(M, τ) and two sequences {dn}
∞
n=1,
{bn}∞n=1 of self-adjoint elements in F(M, τ) such that, for each n ≥ 1,
(i) qiqn = 0 and qibn = 0 for all 1 ≤ i < n;
(ii) (
∑n
i=1 qi)ek = ek for all 1 ≤ k ≤ n;
(iii) dn = qndn = dnqn is diagonal and ‖dn‖ ≤ ‖a‖;
(iv) a = (
∑n
i=1 di) + (
∑n
i=1 bi) + (I −
∑n
i=1 qi)a(I −
∑n
i=1 qi);
(v) Φ(bn) ≤ ǫ/2n.
Proof. We will use an inductive construction to find sequences {qn}∞n=1, {dn}
∞
n=1 and
{bn}∞n=1 with desired properties.
When n = 1, applying Proposition 3.1.4 to a self-adjoint element a and a finite rank operator
e1 in M, we obtain a projection q1 in F(M, τ) and self-adjoint elements d1, b1 in F(M, τ)
satisfying
(ii) (I − q1)e1 = 0;
(iii) d1 = d1q1 = q1d1 is diagonal and ‖d1‖ ≤ ‖a‖;
(iv) a = d1 + b1 + (I − q1)a(I − q1);
(v) Φ(b1) ≤ ǫ/2.
14 QIHUI LI, JUNHAO SHEN, AND RUI SHI
Assume n is a positive integer and we have obtained {qi}ni=1, {di}
n
i=1 and {bi}
n
i=1 with desired
properties. We apply Proposition 3.1.4 to a self-adjoint element (I−
∑n
i=1 qi)a(I−
∑n
i=1 qi) and
a finite rank operator (I−
∑n
i=1 qi)en+1(I−
∑n
i=1 qi) in (I−
∑n
i=1 qi)M(I−
∑n
i=1 qi) and obtain
a projection qn+1 in F(M, τ) and self-adjoint elements dn+1, bn+1 in F(M, τ) satisfying
(i1) qn+1 ≤ (I −
∑n
i=1 qi) and R(bn+1) ≤ (I −
∑n
i=1 qi);
(ii1) ((I −
∑n
i=1 qi)− qn+1)en+1(I −
∑n
i=1 qi) = 0;
(iii) dn+1 = dn+1qn+1 = qn+1dn+1 is diagonal and ‖dn+1‖ ≤ ‖a‖;
(iv1) (I −
∑n
i=1 qi)a(I −
∑n
i=1 qi) = dn+1 + bn+1 + (I −
∑n+1
i=1 qi)a(I −
∑n+1
i=1 qi);
(v) Φ(bn+1) ≤ ǫ/2n+1.
We will further verify that (i), (ii) and (iv) are also true. Actually, from (i1), it induces that
qiqn+1 = 0 and qibn+1 = 0 for all 1 ≤ i < n + 1, whence (i) is true. As (I −
∑n
i=1 qi)− qn+1 is a
sub-projection of I−
∑n
i=1 qi, from (ii1), one concludes that (I−
∑n+1
i=1 qi)en+1 = 0. Furthermore,
for 1 ≤ i ≤ n, (I −
∑n+1
i=1 qi)ei = (I −
∑n+1
i=1 qi)(I −
∑n
i=1 qi)ei = 0 by the induction hypothesis.
Thus (ii) is also true. From (iv1) and induction hypothesis,
a =
n∑
i=1
di +
n∑
i=1
bi + (I −
n∑
i=1
qi)a(I −
n∑
i=1
qi) =
n+1∑
i=1
di +
n+1∑
i=1
bi + (I −
n+1∑
i=1
qi)a(I −
n+1∑
i=1
qi).
Hence (iv) is satisfied.
This completes the inductive construction of the sequences and finishes the proof of the
result. 
3.2. Kuroda Theorem for a self-adjoint operator in semifinite von Neumann al-
gebras.
In the following theorem, we prove that a self-adjoint element in M can be written as a
diagonal element up to a small perturbation in K0Φ(M, τ) when Φ satisfies a natural condition.
Proposition 3.2.1. Let M be a countably decomposable, properly infinite von Neumann
algebra with a faithful normal semifinite tracial weight τ and let KΦ(M, τ) be a norm ideal of
(M, τ). Assume that
(a) there exists a positive number δ such that
sup{τ(e) : e is a minimal projection in M } ≤ δ;
(b) lim
τ(e)→∞
e∈PF(M,τ)
Φ(e)
τ(e)
= 0.
Let a ∈ M be self-adjoint. Then for every ǫ > 0, there exists a diagonal operator d in M
such that:
(i) a− d ∈ K0Φ(M, τ);
(ii) Φ(a− d) ≤ ǫ and ‖d‖ ≤ ‖a‖.
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Proof. By the fact that M is a countably decomposable, properly infinite von Neumann
algebra with a faithful normal semifinite tracial weight τ and the Assumption (a), one concludes
that there exists a sequence {en}
∞
n=1 of orthogonal projections in F(M, τ) such that
∞∑
n=1
en = I and τ(en) ≤ δ.
By Proposition 3.1.5, we obtain a sequence {qn}∞n=1 of projections in F(M, τ) and two
sequences {dn}∞n=1 and {bn}
∞
n=1 of self-adjoint elements in F(M, τ) such that, for each n ≥ 1,
(i) qiqn = 0 and qibn = 0 for all 1 ≤ i < n;
(ii) (
∑n
i=1 qi)ek = ek for all 1 ≤ k ≤ n;
(iii) dn = qndn = dnqn is diagonal and ‖dn‖ ≤ ‖x‖;
(iv) a = (
∑n
i=1 di) + (
∑n
i=1 bi) + (I −
∑n
i=1 qi)a(I −
∑n
i=1 qi);
(v) Φ(bn) ≤ ǫ/2n.
From (i), it follows that {qn}∞n=1 is a sequence of orthogonal projections in F(M, τ). Thus∑∞
n=1 qn converges to a projection q ∈M in weak
∗ topology. By (ii) and the fact that
∑∞
n=1 en =
I, one knows that q = I.
From (iii) and the fact that {qn}∞n=1 is a sequence of orthogonal projections, we let d =∑∞
n=1 dn be a diagonal operator in M satisfying ‖d‖ ≤ ‖a‖. From (v) and Lemma 2.1.5, it
follows that
∑∞
n=1 bn converges to an element b ∈ K
0
Φ(M, τ) in Φ-norm and Φ(b) ≤ ǫ.
Now we need only to show that a = d+ b. In viewing of
∑∞
n=1 qn = I, it suffice to show that
qn(a− d− b) = 0 for each n ≥ 1, which follows directly from (i), (iii), (iv) and definitions of d,
b. This ends the proof of the proposition. 
Now we are ready to present the main result of this section, which gives an extension of
Kuroda’s result (see [16]) in a type I∞ factor.
Theorem 3.2.2. LetM be a countably decomposable, properly infinite von Neumann algebra
with a faithful normal semifinite tracial weight τ and let KΦ(M, τ) be a norm ideal of (M, τ).
Assume that
lim
τ(e)→∞
e∈PF(M,τ)
Φ(e)
τ(e)
= 0.
Let a ∈ M be a self-adjoint element. Then for every ǫ > 0, there exists a diagonal operator d
in M such that:
(i) a− d ∈ K0Φ(M, τ);
(ii) Φ(a− d) ≤ ǫ.
Proof. Note that M is a countably decomposable, properly infinite von Neumann algebra
with a faithful normal semifinite tracial weight τ . There exists a countable family {qn}n≥0 of
orthogonal projections in the center ofM such that
∑
n qn = I, q0M is diffused (or 0) and qnM
is a type I∞ factor (or 0) for each n ≥ 1.
For each n ≥ 0, from Proposition 3.2.1, there exists a diagonal operator dn in qnM such that
(i1) qna− dn ∈ K
0
Φ(M, τ);
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(ii1) Φ(qna− dn) ≤ ǫ/2n+1 and ‖dn‖ ≤ ‖qna‖ ≤ ‖a‖.
Let d =
∑
n dn. Then from Lemma 2.1.5 and the choice of {dn} we deduce that d is a
diagonal operator in M satisfying
(i) a− d ∈ K0Φ(M, τ);
(ii) Φ(a− d) ≤ ǫ.
This completes the proof of the theorem. 
The next result follows directly from preceding theorem and Definition 2.1.8. The result has
been obtained in [14] when M is a semifinite factor.
Corollary 3.2.3. Let M be a countably decomposable, properly infinite von Neumann
algebra with a faithful normal semifinite tracial weight τ . Let r > 1 and a ∈M be a self-adjoint
element. Then for every ǫ > 0, there exists a diagonal operator d in M such that
(i) a− d ∈ Lr(M, τ) ∩M;
(ii) max{‖a− d‖, ‖a− d‖r} ≤ ǫ.
From Lemma II.2.8 in [7] and Theorem 3.2.2, we can quickly conclude the following result.
The result has been obtained in [46] (see also in [1]) when M is a semifinite factor.
Corollary 3.2.4. Let M be a countably decomposable, properly infinite von Neumann
algebra with a faithful normal semifinite tracial weight τ . Let x1, . . . , xr be a commuting family
of self-adjoint operators inM. Then for every ǫ > 0, there exists a commuting family of diagonal
operators d1, . . . , dr in M such that
(i) ai − di ∈ K(M, τ) for all 1 ≤ i ≤ r;
(ii) ‖ai − di‖ ≤ ǫ for all 1 ≤ i ≤ r.
4. Φ-well-behaved Sets in Semifinite von Neumann Algebras
In this section, we let M be a countably decomposable, properly infinite von Neumann
algebra with a faithful normal semifinite tracial weight τ . Let PF(M, τ), F(M, τ) and K(M, τ)
be the sets of finite rank projections, finite rank operators, and compact operators respectively,
in (M, τ).
For each x in M, let R(x) be the range projection of x in M. Note that, for x, y ∈ (M)+1 ,
xy = x = yx if and only if x ≤ R(x) ≤ y.
The concept of quasi-central approximate units plays an important role in the study of C∗-
algebras. For von Neumann algebras, we introduce a concept of Φ-well-behaved sets, following
a notation from Voiculescu in [31], which will be a replacement of quasi-central approximate
units for C∗-algebras.
4.1. Definition of Φ-well-behaved sets.
Definition 4.1.1. Let KΦ(M, τ) be a norm ideal of (M, τ). Let B be a countably generated
∗-subalgebra of M with an identity IB. We call that B is Φ-well-behaved in M if there exists a
sequence {fn}∞n=1 of operators in F(M, τ) such that
(i) 0 ≤ f1 ≤ R(f1) ≤ f2 ≤ R(f2) ≤ · · · ≤ fn ≤ R(fn) ≤ · · · ≤ IB;
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(ii) As n goes to infinity, fn converges to IB in weak
∗-topology of M;
(iii) limnΦ(bfn − fnb) = 0 for each b ∈ B.
Example 4.1.2. Examples of Φ-well-behaved sets will be given in next two subsections.
A direct computation shows the following result. (See Lemma 2.2 in [9] for a proof.)
Lemma 4.1.3. Let KΦ(M, τ) be a norm ideal of (M, τ). Let 0 ≤ x ≤ IM be a positive
operator in F(M, τ). Then, for every y ∈M,
Φ(sin(
πx
2
)y − y sin(
πx
2
)) ≤ 4Φ(xy − yx)
and
Φ(cos(
πx
2
)y − y cos(
πx
2
)) ≤ 4Φ(xy − yx).
The following lemma is an extension of Lemma 2.2 in [31].
Lemma 4.1.4. Let KΦ(M, τ) be a norm ideal of (M, τ). Let B be a countably generated
∗-subalgebra of M with an identity IB. If B is Φ-well-behaved in M, then for every finite subset
F of B and ǫ > 0 there exists a sequence {en}∞n=1 of positive operators in F(M, τ) such that
(i)
∞∑
n=1
e2n = IB,
(ii)
∞∑
n=1
Φ(ben − enb) ≤ ǫ for all b ∈ F ,
(iii)
∞∑
n=1
Φ(ben − enb) <∞ for all b ∈ B.
Proof. Since B is a countably generated ∗-algebra and F is a finite subset of B, we might
assume that {bk}∞k=1 is a base of B (as a linear space) and F = {b1, . . . , bm}. From the definition
of Φ-well-behaved sets, we assume that {pn}∞n=1 is a sequence of finite rank operators satisfying
(a) 0 ≤ p1 ≤ R(p1) ≤ p2 ≤ R(p2) ≤ · · · ≤ pn ≤ R(pn) ≤ · · · ≤ IB;
(b) As n goes to infinity, pn converges to IB in weak
∗-topology of M.
(c) Φ(bkpn − pnbk) ≤
ǫ
2n+4
for each 1 ≤ k ≤ m+ n.
Let p0 = 0. Define
fn = sin
2(
πpn
2
), for each n ≥ 0
and
en = (fn − fn−1)
1/2, for each n ≥ 1.
From (a) and (b), we know that fn is an increasing sequence that converges to IB in weak
∗-
topology. This means that
∞∑
n=1
e2n = IB.
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Again from (a), we know that pnpn−1 = pn−1 = pn−1pn for n ≥ 1, whence
en = (fn − fn−1)
1/2 = (sin2(
πpn
2
)− sin2(
πpn−1
2
))1/2 = sin(
πpn
2
) cos(
πpn−1
2
).
Therefore, from Lemma 4.1.3 and (c),
Φ(enbk − bken) = Φ
(
sin(
πpn
2
) cos(
πpn−1
2
)bk − bk sin(
πpn
2
) cos(
πpn−1
2
)
)
≤ Φ
(
sin(
πpn
2
)bk − bk sin(
πpn
2
)
)
+ Φ
(
cos(
πpn−1
2
)bk − bk cos(
πpn−1
2
)
)
≤ 4Φ(pnbk − bkpn) + 4Φ(pn−1bk − bkpn−1)
≤
4ǫ
2n+4
+
4ǫ
2n+3
≤
ǫ
2n
for 1 ≤ k ≤ m+ n.
It follows that, for k > m,
∞∑
n=1
Φ(bken − enbk) =
k−m−1∑
n=1
Φ(bken − enbk) +
∞∑
n=k−m
Φ(bken − enbk)
≤
k−m−1∑
n=1
Φ(bken − enbk) +
∞∑
n=k−m
ǫ
2n
<∞.
When 1 ≤ k ≤ m,
∞∑
n=1
Φ(bken − enbk) ≤
∞∑
n=1
ǫ
2n
≤ ǫ.
This ends the proof of the lemma. 
4.2. ‖ · ‖-well-behaved sets.
Lemma 4.2.1. Let W be a von Neumann subalgebra of M. For any ǫ > 0 and any 0 ≤ x ∈
K(M, τ) ∩W, there exists an element y ∈ F(M, τ) ∩W such that 0 ≤ y ≤ x and ‖x− y‖ ≤ ǫ.
Proof. Let σ(x) be the spectrum of x in M and eǫ be the spectral projection of x onto
σ(x) ∩ (ǫ,∞). Thus eǫ ∈ W. Note that x ∈ K(M, τ). We know that eǫ ∈ F(M, τ). Thus
y = x · eǫ is an element in F(M, τ) ∩W such that 0 ≤ y ≤ x and ‖x− y‖ ≤ ǫ. 
Recall that K(M, τ) is a norm ideal of (M, τ) with respect to ‖ · ‖-norm.
Proposition 4.2.2. Let B be a countably generated ∗-subalgebra of M with an identity IB.
Then B is ‖ · ‖-well-behaved in M.
Proof. We should define a partial order “≺” on (M)+1 , the unit ball of positive operators
in M, as follows: x ≺ y in (M)+1 if and only if 0 ≤ x ≤ R(x) ≤ y ≤ IM, where R(x) is the
range projection of x in M.
Replacing M by IBMIB if necessary, we will assume that IB = IM. Note that M is a
countably decomposable von Neumann algebra with a normal, faithful and semifinite tracial
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weight τ . There exists a sequence {qn}∞n=1 of orthogonal finite rank projections in M such that∑∞
n=1 qn = IM.
Let A be the unital separable C∗-subalgebra generated by B and the projections {qn}
∞
n=1
in M. Denote by I the closed two sided ideal A ∩ K(M, τ) of A. By Corollary 1.5.11 in
[17], there exists an approximate identity {en}∞n=1 in I such that enen+1 = en = en+1en for
all n ≥ 1. Because {qn}∞n=1 ⊆ I, we know that en converges to IM in weak
∗-topology and
e1 ≺ e2 ≺ · · · ≺ en ≺ en+1 ≺ · · · .
Since B is a countably generated ∗-subalgebra of M, there exists a sequence {bn}∞n=1 in B
that forms a base for B (as a linear space). In the proof of Theorem 1 in [2], replacing the
natural order by “≺” on positive operators, we can find a sequence {fn}∞n=1 in I such that
(i) 0 ≺ f1 ≺ f2 ≺ · · · ≺ fn ≺ fn+1 ≺ · · · ≺ IM;
(ii) As n approaches infinity, fn goes to IM in weak
∗-topology;
(iii) limn ‖fnbk − bkfn‖ = 0 for all k ≥ 1.
Let W be the commutative von Neumann algebra generated by {fn}∞n=1 in M.
Claim 4.2.2.1. There exists a sequence {pn}∞n=1 in F(M, τ) such that ‖fn − pn‖ ≤
1
2n
for all
n ≥ 1 and 0 ≺ p1 ≺ p2 ≺ · · · ≺ pn ≺ pn+1 ≺ · · · ≺ IM.
Proof of the claim: We will use an induction process to find a sequence with desired properties.
When n = 1, by Lemma 4.2.1, there exists a p1 ∈ F(M, τ) ∩W such that 0 ≤ p1 ≤ f1 and
‖p1 − f1‖ ≤
1
2
.
Let n be a positive integer and assume we have chosen {p1, . . . , pn} in F(M, τ)∩W satisfying
(a) pi ∈ F(M, τ) ∩W, 0 ≤ pi ≤ fi and ‖fi − pi‖ ≤ 1/2i for 1 ≤ i ≤ n;
(b) p1 ≺ p2 ≺ · · · ≺ pn.
From the fact that fn ≺ fn+1 and 0 ≤ pn ≤ fn, it follows that pn ≺ fn+1. Hence fn+1 =
fn+1(IM − R(pn)) + R(pn), where R(pn) is the range projection of pn in W. By Lemma 4.2.1,
there exists a pˆn+1 ∈ F(M, τ) ∩ W such that 0 ≤ pˆn+1 ≤ fn+1(IM − R(pn)) and ‖pˆn+1 −
fn+1(IM − R(pn))‖ ≤
1
2n+1
. Let pn+1 = pˆn+1 + R(pn). Then pn+1 ∈ F(M, τ) ∩ W satisfying
0 ≤ pn+1 ≤ fn+1, ‖pn+1 − fn+1‖ ≤
1
2n+1
and pn ≺ pn+1. This ends the construction of {pn}
∞
n=1
and the proof of the claim.
(Continue the proof of the result) From Claim 4.2.2.1, {pn}∞n=1 is a sequence in F(M, τ) such
that
(i) 0 ≤ p1 ≤ R(p1) ≤ p2 ≤ R(p2) ≤ · · · ≤ pn ≤ R(pn) ≤ · · · ≤ IB;
(ii) As n goes to infinity, pn converges to IB in weak
∗-topology of M;
(iii) limn‖bkpn − pnbk‖ = 0 for each k ≥ 1.
Thus B is ‖ · ‖-well-behaved in M. 
Lemma 4.2.3. Suppose M is a countably decomposable, properly infinite von Neumann al-
gebra with a faithful normal semifinite tracial weight τ and A is a separable C∗-subalgebra of M
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with an identity IA. For any finite set F ⊆ A and any positive number ǫ, there exists a sequence
{en}∞n=1 of positive operators in F(M, τ) such that
(i)
∞∑
n=1
e2n = IA;
(ii) x−
∞∑
n=1
enxen ∈ K(M, τ) for all x in A; and
(iii) ‖x−
∞∑
n=1
enxen‖ ≤ ǫ, for all x in F .
Proof. Let B be a norm dense, countably generated ∗-subalgebra of A such that IA ∈ B
and F ⊆ B. Now the result follows directly from Lemma 4.1.4 and Proposition 4.2.2. 
4.3. (max{‖ · ‖, ‖ · ‖r})-well-behaved sets.
The main result of this subsection is the following proposition.
Proposition 4.3.1. Let r ≥ 2. Suppose M is a countably decomposable, properly infi-
nite von Neumann algebra with a faithful normal semifinite tracial weight τ and Kr(M, τ) =
Lr(M, τ) ∩M is a norm ideal of (M, τ) equipped with a norm Φ satisfying
Φ(x) = max{‖x‖, ‖x‖r}, ∀ x ∈ L
r(M, τ) ∩M.
Let B be a unital ∗-subalgebra generated by a commuting family of self-adjoint elements x1, . . . , xr
in M with an identity IB. Then B is Φ-well-behaved in M.
Before presenting the proof of Proposition 4.3.1, we need to show some lemmas first.
Lemma 4.3.2. Let r ≥ 2 be a positive integer. Let x1, . . . , xr be a commuting family of self-
adjoint elements in M. For every projection q in M with τ(q) <∞ and ǫ > 0, there exists an
operator e in M such that
(i) q ≤ e ≤ IM and τ(R(e)) <∞;
(ii) max
1≤i≤r
‖xie− exi‖r ≤ ǫ.
Proof. We might assume that ‖xi‖ ≤ 1 for all 1 ≤ i ≤ r. For each k ≥ 0, define
pk = ∨{R(x
i1
1 · · ·x
ir
r q) : 0 ≤ i1, . . . , ir satisfy i1 + · · ·+ ir ≤ k}.
Thus
q = p0 ≤ p1 ≤ · · · ≤ pk ≤ · · ·
is an increasing sequence of finite rank projections. Define
fk = pk − pk−1 for all k ≥ 1.
From the definitions of pk and fk, it follows that
(a) R(xipk) ≤ pk+1 for 1 ≤ i ≤ r and k ≥ 1; and
(b) (IM − pk+1)xipk = 0 for 1 ≤ i ≤ r and k ≥ 1;
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(c) τ(fk) ≤
∑
i1+···+ir=k
τ(R(xi11 · · ·x
ir
r q)) ≤
(k + r − 1)!
k!(r − 1)!
τ(q).
Moreover, for all 1 ≤ i ≤ r and k ≥ 1,
xipk − pkxi = pk+1xipk − pkxipk+1 (by (b))
= (pk+1 − pk)xi(pk − pk−1)− (pk − pk−1)xi(pk+1 − pk)
+ (pkxipk + (pk+1 − pk)xipk−1)− (pkxipk + pk−1xi(pk+1 − pk))
= (pk+1 − pk)xi(pk − pk−1)− (pk − pk−1)xi(pk+1 − pk) (by (b))
= fk+1xifk − fkxifk+1. (4.1)
Now it follows from (c) that
τ(R(xipk − pkxi)) ≤ 2τ(fk) ≤ 2τ(q) ·
(k + r − 1)!
k!(r − 1)!
. (4.2)
Furthermore, from equation (4.1) we conclude that, for each 1 ≤ i ≤ r,
{xip2k − p2kxi}
∞
k=1
is a family of finite rank operators that satisfies
(xip2k1 − p2k1xi)(xip2k2 − p2k2xi)
∗ = 0 for all k1 6= k2.
Or,
|xip2k1 − p2k1xi| · |xip2k2 − p2k2xi| = 0 for all k1 6= k2. (4.3)
For each n ≥ 1, we let
λn =
n2∑
k=n
1
k
and en =
1
λn
n2∑
k=n
p
2k
k
.
Then
q ≤ en ≤ IM for each n ≥ 1.
And
‖xien−enxi‖
r
r = τ(|xien − enxi|
r)
= τ(
∣∣∣∣∣ 1λn
n2∑
k=n
xip2k − p2kxi
k
∣∣∣∣∣
r
) = τ(
1
λrn
n2∑
k=n
|xip2k − p2kxi|
r
kr
) (by 4.3)
≤
1
λrn
n2∑
k=n
2rτ(R(xip2k − p2kxi))
kr
≤
1
λrn
n2∑
k=n
2r · 2τ(q) · (k+r−1)!
k!(r−1)!
kr
( by 4.2)
≤
1
λrn
n2∑
k=n
2r · 2τ(q) · 2r−1 · kr−1
kr · (r − 1)!
( when n ≥ r)
−→ 0. ( as n→∞)
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Thus, when n is large enough, there exists an operator e = en in M such that
(i) q ≤ e ≤ IM and τ(R(e)) <∞;
(ii) max
1≤i≤r
‖xie− exi‖r ≤ ǫ.

Lemma 4.3.3. Let r ≥ 2 be a positive integer. Let x1, . . . , xr be a commuting family of self-
adjoint elements in M. For every projection q in M with τ(q) <∞ and ǫ > 0, there exists an
operator e in M such that
(i) q ≤ e ≤ IM and τ(R(e)) <∞;
(ii) max
1≤i≤r
{‖xie− exi‖r, ‖xie− exi‖} ≤ ǫ.
Proof. Let W be an abelian von Neumann subalgebra generated by IM, x1, . . . , xr in M.
For ǫ > 0, there exist a positive integer n, a family of orthogonal projections p1, . . . , pn in W
and a family of real numbers {λi,j}1≤i≤r,1≤j≤n such that
∑n
j=1 pj = IM and
max{‖xipj − λi,jpj‖ : 1 ≤ i ≤ r, 1 ≤ j ≤ n} < ǫ/2.
Let
qj = ∨{R(pjqpkqpj) : 1 ≤ k ≤ n} for 1 ≤ j ≤ n .
For each 1 ≤ j ≤ n, applying Lemma 4.3.2 to a commuting family of self-adjoint elements
pjx1, pjx2, . . . , pjxn and a finite rank projection qj in pjMpj, we obtain an operator ej in M
such that
(i’) qj ≤ ej ≤ pj and τ(R(ej)) <∞;
(ii’) max
1≤i≤r
‖pjxiej − ejpjxi‖r < ǫ/n.
Let e =
∑n
j=1 ej. Then τ(R(e)) <∞ and
q ≤ ∨ {R(pjqpk : 1 ≤ j, k ≤ n}
=
∨
1≤j≤n
(∨{R(pjqpkqpj : 1 ≤ k ≤ n}) =
∨
1≤j≤n
qj
≤
n∑
j=1
ej = e
≤
n∑
j=1
pj = IM.
Therefore (i) is true. Furthermore,
‖exi − xie‖ = max
1≤j≤n
‖pj(exi − xie)‖ ≤ max
1≤j≤n
‖ejpjxi − pjxiej‖
≤ max
1≤j≤n
‖ej(λi,jpj)− (λi,jpj)ej‖+ ǫ = ǫ,
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and
‖exi − xie‖r ≤
∑
1≤j≤n
‖ejxi − xiej‖r ≤ ǫ.
Thus (ii) is true. This completes the proof of the lemma. 
Lemma 4.3.4. Let B be a unital ∗-subalgebra generated by a commuting family of self-adjoint
elements x1, . . . , xr in M with an identity IB. Then there exists a sequence {en}∞n=1 of positive
operators in F(M, τ) such that
(i) 0 ≤ e1 ≤ R(e1) ≤ e2 ≤ R(e2) ≤ · · · ≤ en ≤ R(en) ≤ · · · ≤ IB;
(ii) As n goes to infinity, en converges to IB in weak
∗-topology of M;
(iii) limn‖enxi − xien‖ = 0 and limn‖enxi − xien‖r = 0 for each 1 ≤ i ≤ r.
Proof. By considering von Neumann subalgebra IBMIB instead, we might assume that
IB = IM. Note that M is a countably decomposable, properly infinite von Neumann algebra
with a faithful normal semifinite tracial weight τ . There exists a family of orthogonal projections
{fn}∞n=1 in F(M, τ) such that
∑∞
n=1 fn = IM.
Using Lemma 4.3.3 repeatedly, we can construct a sequence of {en}∞n=1 of positive operators
in F(M, τ) such that
(a) (R(en−1) ∨ fn) ≤ en ≤ IM (we let e0 = 0);
(b) max1≤i≤r{‖xien − enxi‖, ‖xien − enxi‖r} ≤ 1/n.
From (a) and (b), we can directly verify that {en}
∞
n=1 is a sequence with stated properties. 
Now Proposition 4.3.1 is a direct consequence of Lemma 4.3.4 and Definition 4.1.1 and its
proof is thus skipped.
5. Voiculescu’s Noncommutative Weyl-von Neumann Theorem in Semifinite
Factors
The section is devoted to prove a version of Voiculescu’s noncommutative Weyl-Neumann
theorem in semifinite factors.
LetN be a countably decomposable, properly infinite, semifinite factor with a faithful normal
semifinite tracial weight τ . Let F(N , τ) and K(N , τ) be the sets of finite rank operators, and
compact operators respectively, in (N , τ). Recall that K(N ) is the ‖ · ‖-norm closed ideal
generated by finite projections in N . As N is a countably decomposable, properly infinite,
semifinite factor, we know that K(N ) = K(N , τ). Thus, in all results proved in this section,
K(N , τ) can be replaced by K(N ).
5.1. Voiculescu Theorem for nuclear C∗-subalgebras in semifinite factors with
respect to compact operators.
We will need the following lemma from [6].
Lemma 5.1.1. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ . Let F(N , τ) and K(N , τ) be the sets of finite
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rank operators, and compact operators respectively, in (N , τ). Let A be a nuclear separable C∗-
subalgebra with an identity IA. Let q ∈ K(N , τ) be a finite rank projection in F(N , τ). Suppose
φ : A → N is a completely positive mapping satisfying
(i) φ(IA) is a projection in N ; and
(ii) φ(A∩ K(N , τ)) = 0.
Then for any finite set F ⊆ A and any positive number ǫ, there exists a partial isometry v
in N such that qv = 0, v∗v = φ(IA), vv∗ ≤ IA and
‖φ(x)− v∗xv‖ ≤ ǫ, ∀ x ∈ F.
Proof. The result is a direct consequence of the definition of nuclear C∗-algebra and Lemma
3.4 in [6]. 
Now we are ready to prove the following main result of this subsection.
Theorem 5.1.2. Let N be a countably decomposable, properly infinite, semifinite factor
acting on a Hilbert space and let τ be a faithful normal semifinite tracial weight of N . Let
F(N , τ) and K(N , τ) be the sets of finite rank operators, and compact operators respectively, in
(N , τ).
Suppose that A is a nuclear separable C∗-subalgebra of N with an identity IA. Suppose
ψ : A → N is a ∗-homomorphism satisfying ψ(A∩ K(N , τ)) = 0. Then there exists a sequence
{vj}∞j=1 of partial isometries in N such that
(i) vjv
∗
j ≤ IA, v
∗
j vj = ψ(IA) and v
∗
j vk = 0 for all j, k ≥ 1 with j 6= k;
(ii) ψ(x)− v∗jxvj is in K(N , τ) for all x ∈ A and j ≥ 1;
(iii) lim
j
‖ψ(x)− v∗jxvj‖ = 0 for all x ∈ A.
(iv) vjψ(x)− xvj is in K(N , τ) for all x ∈ A and j ≥ 1;
(v) lim
j
‖vjψ(x)− xvj‖ = 0 for all x ∈ A;
Proof. Let B = ψ(A) be a separable C∗-subalgebra of N with an identity ψ(IA). Let
{xi}∞i=1 be a norm dense subset in the unit ball of A. For each j ≥ 1, applying Lemma 4.2.3 to
B, there exists a family {ej,n}∞n=1 of positive finite rank operators in F(N , τ) such that
(a)
∞∑
n=1
e2j,n = ψ(IA), for j ≥ 1;
(b) ψ(x)−
∞∑
n=1
ej,nψ(x)ej,n ∈ K(N , τ) for all x in A and j ≥ 1;
(c) ‖ψ(xi)−
∞∑
n=1
ej,nψ(xi)ej,n‖ ≤
1
2j
, for 1 ≤ i ≤ j.
Let pj,n = R(ej,n) be the range projection of ej,n in N . It is obvious that pj,n is a finite
rank projection in F(N , τ) such that pj,n ≤ ψ(IA). Note that each pj,nψ(·)pj,n is a completely
positive mapping from A into N such that (1) pj,nψ(IA)pj,n is a projection and (2) pj,nψ(A ∩
K(N , τ))pj,n = 0. Now we are ready to prove the following claim.
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Claim 5.1.2.1. There exists a family of partial isometries {vj,n}∞j,n=1 in N such that, for each
j, n ≥ 1,
(d)
‖pj,nψ(xi)pj,n − v
∗
j,nxivj,n‖ ≤
1
2j+n
, for 1 ≤ i ≤ j + n, (5.1)
(e)
vj,nv
∗
j,n ≤ IA, v
∗
j,nvj,n = pj,n, (5.2)
(f)
v∗j,nvs,t = 0, v
∗
j,nxivs,t = 0, and v
∗
j,nx
∗
i vs,t = 0, (5.3)
when i, s, t ∈ N satisfy 1 ≤ i ≤ j+ n, s+ t < j +n, or we have s+ t = j +n and s < j.
Proof of Claim: Define an order “≺” on N× N as follows:
(s, t) ≺ (j, n)
if and only if
s+ t < j + n, or we have s+ t = j + n and s < j.
Next we will use an inductive process on N × N, with respect to the order ≺, to construct a
family {vj,n}∞j,n=1 of partial isometries in N with stated properties.
When (j, n) = (1, 1), applying Lemma 5.1.1 to p1,1ψ(·)p1,1 and q1,1 = 0, we know that there
exists a partial isometry v1,1 in N such that
‖p1,1ψ(xi)p1,1 − v
∗
1,1xiv1,1‖ ≤
1
22
,
and
v1,1v
∗
1,1 ≤ IA, v
∗
1,1v1,1 = p1,1.
Let j, n ≥ 1 be such that (1, 1) ≺ (j, n) and assume the family {vj′,n′}(j′,n′)≺(j,n) of partial
isometries in N with desired properties has been chosen. Let
qj,n = ∨{R(vs,t), R(xivs,t), R(x
∗
i vs,t) : 1 ≤ i ≤ j + n, and (s, t) ≺ (j, n)},
where R(x) is the range projection of x in N . Thus qj,n is a finite rank projection in F(N , τ).
Applying Lemma 5.1.1 to pj,nψ(·)pj,n and qj,n, we can find a partial isometry vj,n in N such that
‖pj,nψ(xi)pj,n − v
∗
j,nxivj,n‖ ≤
1
2j+n
, ∀ 1 ≤ i ≤ j + n,
vj,nv
∗
j,n ≤ IA, v
∗
j,nvj,n = pj,n,
and
v∗j,nvs,t = 0, v
∗
j,nxivs,t = 0, and v
∗
j,nx
∗
i vs,t = 0, ∀1 ≤ i ≤ j + n, and (s, t) ≺ (j, n).
This finishes the inductive construction of {vj,n}∞j,n=1 with stated properties. And the proof of
the Claim is completed.
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(Continue the proof of the theorem:) From inequality (5.1), we have, for all 1 ≤ i ≤ j,
∞∑
n=1
‖pj,nψ(xi)pj,n − v
∗
j,nxivj,n‖ ≤
1
2j
, (5.4)
and, for all i, j ≥ 1
∞∑
n=1
‖pj,nψ(xi)pj,n − v
∗
j,nxivj,n‖ <∞. (5.5)
From equation (5.3),
v∗s,tvj,n = 0 if (s, t) 6= (j, n). (5.6)
Define, for each j ≥ 1,
vj =
∞∑
n=1
vj,nej,n, (convergence is in strong operator topology)
which is a partial isometry in N . We will verify that {vj}∞j=1 satisfies the condition (i), (ii), (iii),
(iv) and (v).
(i): From equation (5.6) and (5.2), we have for j, k ≥ 1 with j 6= k
v∗j vk = 0, v
∗
j vj =
∞∑
n=1
ej,npj,nej,n =
∞∑
n=1
e2j,n = ψ(IA) and vjv
∗
j ≤ IA. (5.7)
(ii) and (iii): Again from equation (5.3),
v∗j,nxivs,t = 0 and v
∗
j,nx
∗
i vs,t = 0, (5.8)
when i, j, n, s, t ∈ N satisfy 1 ≤ i ≤ max{j+n, s+ t} and (j, n) 6= (s, t). Hence, for each i, j ≥ 1,
ψ(xi)− v
∗
jxivj = ψ(xi)−
∑
n
ej,nψ(xi)ej,n +
∑
n
ej,nψ(xi)ej,n −
∑
m,n≥1
ej,mv
∗
j,mxivj,nej,n
= (ψ(xi)−
∑
n
ej,nψ(xi)ej,n)
+
∑
n≥1
ej,n(pj,nψ(xi)pj,n − v
∗
j,nxivj,n)ej,n
−
∑
m6=n<i−j
ej,mv
∗
j,mxivj,nej,n (by (5.8))
By the Condition (b) on the choice of {ej,n}∞j,n=1, ψ(xi)−
∑
n ej,nψ(xi)ej,n ∈ K(N , τ) for i, j ≥ 1.
Note that each ej,n(pj,nψ(xi)pj,n − v∗j,nxivj,n)ej,n is a finite rank operator in F(N , τ) and∑
n
‖ej,n(pj,nψ(xi)pj,n − v
∗
j,nxivj,n)ej,n‖ ≤
∑
n
‖(pj,nψ(xi)pj,n − v
∗
j,nxivj,n)‖ <∞. (by (5.4))
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Thus
∑
n≥1 ej,n(pj,nψ(xi)pj,n−v
∗
j,nxivj,n)ej,n converges in norm to a compact operator in K(N , τ).
Finally
∑
m6=n<i−j ej,mv
∗
j,mxivj,nej,n is a finite sum, whence it is in K(N , τ). Therefore, for all
i, j ≥ 1,
ψ(xi)− v
∗
jxivj ∈ K(N , τ).
Since {xi}∞i=1 is norm dense in the unit ball of A,
ψ(x)− v∗jxvj ∈ K(N , τ), ∀ x ∈ A. (5.9)
Thus (ii) is satisfied. Moreover, when 1 ≤ i ≤ j,
‖ψ(xi)− v
∗
jxivj‖ = ‖ψ(xi)−
∑
n
ej,nψ(xi)ej,n +
∑
n
ej,nψ(xi)ej,n −
∑
m,n≥1
ej,mv
∗
j,mxivj,nej,n‖
≤ ‖ψ(xi)−
∑
n
ej,nψ(xi)ej,n‖
+ ‖
∑
n≥1
ej,n(pj,nψ(xi)pj,n − v
∗
j,nxivi,n)ej,n‖ (by (5.8))
≤
1
2j
+
1
2j
=
1
2j−1
. (by Condition (c) and (5.4))
So
lim
j
‖ψ(xi)− v
∗
jxivj‖ = 0, ∀ i ≥ 1,
whence
lim
j
‖ψ(x)− v∗jxvj‖ = 0, ∀ x ∈ A. (5.10)
Thus (iii) is satisfied.
(iv) and (v): For each j ≥ 1 and x ∈ A, as v∗j vj = ψ(IA), we have
(vjψ(x)− xvj)
∗(vjψ(x)− xvj)
= ψ(x∗)v∗j vjψ(x)− ψ(x
∗)v∗jxvj − v
∗
jx
∗vjψ(x) + v
∗
jx
∗xvj
= ψ(x∗)(ψ(x)− v∗jxvj) + (ψ(x
∗)− v∗jx
∗vj)ψ(x)− (ψ(x
∗x)− v∗jx
∗xvj) (5.11)
By (5.9) and (5.11),
(vjψ(x)− xvj)
∗(vjψ(x)− xvj) ∈ K(N , τ), ∀ j ≥ 1.
Hence
vjψ(x)− xvj ∈ K(N , τ), ∀ j ≥ 1. (5.12)
Thus (iv) is satisfied. Furthermore, from (5.11) and (5.10) we have, for all x ∈ A,
lim
j
‖vjψ(x)− xvj‖ = lim
j
‖(vjψ(x)− xvj)
∗(vjψ(x)− xvj)‖
1/2 = 0. (5.13)
Thus (iv) is satisfied. This completes the proof of the theorem. 
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5.2. Voiculescu Theorem for nuclear C∗-subalgebras in semifinite factors with
respect to norm ideals.
Theorem 5.2.1. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ . Let F(N , τ) and K(N , τ) be the sets of finite rank
operators, and compact operators respectively, in (N , τ). Let KΦ(N , τ) be a norm ideal of (N , τ).
Suppose that A is a separable nuclear C∗-subalgebra of N with an identity IA and B is
a countably generated ∗-subalgebra of A such that IA ∈ B. Suppose that ψ : A → N is a
∗-homomorphism satisfying (i) ψ(A∩ K(N , τ)) = 0 and (ii) ψ(B) is Φ-well-behaved in N .
Then for every finite subset F of B and any positive number ǫ, there exists a partial isometry
v in N such that
(a) v∗v = ψ(IA), and vv
∗ ≤ IA;
(b) vψ(b)− bv ∈ KΦ(N , τ), for all b ∈ B;
(c) Φ(vψ(b)− bv) ≤ ǫ, for all b ∈ F .
Moreover,
(d) ψ(b)− v∗bv ∈ KΦ(N , τ), for all b ∈ B;
(e) Φ(ψ(b)− v∗bv) ≤ ǫ, for all b ∈ F .
Proof. Let F be a finite subset of B and ǫ > 0. We will need only to find a partial isometry
v in N satisfying (a), (b) and (c), as (d) and (e) follow directly from (a), (b) and (c).
Since B is a countably generated ∗-algebra and F is a finite subset of B, we might assume
that {bk}
∞
k=1 is a base of B (as a linear space) and F = {b1, . . . , bm}. From the condition that
ψ(B) is Φ-well-behaved in N , by Lemma 4.1.4 there exists a sequence {en}∞n=1 of finite rank
positive operators in F(N , τ) such that
(1)
∞∑
n=1
e2n = ψ(IA),
(2)
∞∑
n=1
Φ(ψ(bk)en − enψ(bk)) ≤ ǫ/3 for all 1 ≤ k ≤ m,
(3)
∞∑
n=1
Φ(ψ(bk)en − enψ(bk)) <∞ for k ≥ 1.
From Theorem 5.1.2, there exists a sequence {vn}∞n=1 of partial isometries in N satisfying
(4) vnv
∗
n ≤ IA, v
∗
nvn = ψ(IA) and v
∗
nvk = 0 for all n, k ≥ 1 with n 6= k;
(5) Φ((vnψ(bk)− bkvn)en) ≤ ‖vnψ(bk)− bkvn‖Φ(en) ≤
ǫ
3 · 2n
for all 1 ≤ k ≤ m+ n;
Let
v =
∞∑
n=1
vnen.
Then from (4) and (1) we conclude that v is a partial isometry in N such that
vv∗ ≤ IA and v
∗v = ψ(IA). (5.14)
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Furthermore, for each k ≥ 1,
Φ(vψ(bk)− bkv) = Φ((
∞∑
n=1
vnen)ψ(bk)− bk(
∑
n
vnen))
≤
∑
n<k
Φ(vnenψ(bk)− bkvnen) +
∑
n≥k
Φ(vnenψ(bk)− bkvnen)
≤
∑
n<k
Φ(vnenψ(bk)− bkvnen) +
∑
n≥k
Φ(vnenψ(bk)− vnψ(bk)en)
+
∑
n≥k
Φ(vnψ(bk)en − bkvnen)
≤
∑
n<k
Φ(vnenψ(bk)− bkvnen) +
ǫ
3
+
∑
n≥k
ǫ
3 · 2n
(by (2) and (5))
<∞.
Since {bk}k is a base of B (as a linear space),
vψ(b)− bv ∈ KΦ(N , τ), for all b ∈ B. (5.15)
When 1 ≤ k ≤ m,
Φ(vψ(bk)− bkv) = Φ((
∞∑
n=1
vnen)ψ(bk)− bk(
∞∑
n=1
vnen))
≤
∞∑
n=1
Φ(vnenψ(bk)− vnψ(bk)en) +
∞∑
n=1
Φ(vnψ(bk)en − bkvnen)
≤
ǫ
3
+
∞∑
n=1
ǫ
3 · 2n
(by (2) and (5))
≤ ǫ. (5.16)
From (5.14), (5.15) and (5.16), we complete the proof of the theorem. 
The following is the main result of the section, which can be viewed as an analogue of
Voiculescu’s noncommutative Weyl-von Neumann Theorem (see Theorem 2.4 in [31]) in semifi-
nite factors.
Theorem 5.2.2. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ and let K(N , τ) be the set of compact operators in
(N , τ). Let KΦ(N , τ) be a norm ideal of (N , τ).
Suppose A is a separable nuclear C∗-subalgebra of N with an identity IA and B is a countably
generated ∗-subalgebra of A such that IA ∈ B. If ψ : A → N is a ∗-homomorphism satisfying
(i) ψ(A ∩K(N , τ)) = 0 and (ii) ψ(B) is Φ-well-behaved in N , then
idA ∼B idA ⊕ ψ, mod (KΦ(N , τ)).
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Proof. It suffices to show that, for every finite F ⊆ B and ǫ > 0,
idA ∼
(F,ǫ)
B idA ⊕ ψ, mod (KΦ(N , τ)).
Suppose that a finite subset F ⊆ B and ǫ > 0 are given. We might also assume that F is a
self-adjoint set, i.e. b ∈ F implies b∗ ∈ F .
Let H be an infinite dimensional separable Hilbert space and let B(H) be the set of bounded
linear operators on H. Suppose that {fi,j}∞i,j=1 is a system of matrix units of B(H).
Let N ⊗ B(H) be a von Neumann algebra tensor product of N and B(H). Recall that
KΦ(N ⊗B(H), τ) is an extension of KΦ(N , τ) from N to N ⊗B(H) (see Section 2.2 for details).
We should identify N with N ⊗ f1,1 in N ⊗B(H).
Define a mapping
ψ∞ : A⊗ f1,1 → N ⊗B(H)
by
ψ∞(x⊗ f1,1) =
∞∑
i=2
ψ(x)⊗ fi,i, for all x ∈ A.
By Condition (i) and Lemma 2.2.4, we know that ψ∞
(
(A⊗ f1,1) ∩ K(N ⊗B(H), τ)
)
= 0.
From Condition (ii), Definition 4.1.1 and Lemma 2.2.7, it induces that ψ∞(B⊗ f1,1) is a Φ-well-
behaved set in N ⊗ B(H). Therefore, by Theorem 5.2.1, there exists a partial isometry v in
N ⊗ B(H) such that
(a) v∗v = ψ∞(IA ⊗ f1,1) =
∑∞
i=2 ψ(IA)⊗ fi,i and vv
∗ ≤ IA ⊗ f1,1;
(b) vψ∞(b⊗ f1,1)− (b⊗ f1,1)v ∈ KΦ(N ⊗ B(H), τ), for all b ∈ B;
(c) Φ
(
vψ∞(b⊗ f1,1)− (b⊗ f1,1)v
)
≤ ǫ/8, for all b ∈ F .
Note that B is a ∗-algebra. It follows directly from (b) that
(d) vv∗(b⊗ f1,1)− (b⊗ f1,1)vv∗ ∈ KΦ(N ⊗ B(H), τ), for all b ∈ B.
From (c) and the fact that F is a self-adjoint set, one gets that
(e) Φ(ψ∞(b⊗ f1,1)v∗ − v∗(b⊗ f1,1)) ≤ ǫ/8, for all b ∈ F ,
and
(f) Φ((b⊗ f1,1)vv∗ − vv∗(b⊗ f1,1)) ≤ ǫ/4, for all b ∈ F .
By (a), if we denote p = vv∗ ≤ IA ⊗ f1,1, then p = q ⊗ f1,1 for some projection q ≤ IA in N .
Thus, from (d), (f) and Lemma 2.2.7,
bq − qb ∈ KΦ(N , τ), ∀ b ∈ B, (5.17)
and
Φ(bq − qb) ≤ ǫ/4, ∀ b ∈ F. (5.18)
Define
ψq : A → N
by
ψq(x) = (IA − q)x(IA − q), for all x ∈ A.
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Let
w = ((IA − q)⊗ f1,1) + v = (ψq(IA)⊗ f1,1) + v ∈ N ⊗ B(H).
Then, from (a),
w∗w = ψq(IA)⊗ f1,1 +
∞∑
i=2
ψ(IA)⊗ fi,i and ww
∗ = IA ⊗ f1,1. (5.19)
Now, for all b ∈ B,
w
(
ψq(b)⊗ f1,1 +
∞∑
i=2
ψ(b)⊗ fi,i
)
−
(
b⊗ f1,1
)
w (5.20)
=
(
ψq(b)⊗ f1,1 + vψ
∞(b⊗ f1,1)
)
−
(
(b(IA − q))⊗ f1,1 + (b⊗ f1,1)v
)
=
(
ψq(b)⊗ f1,1 − (b(IA − q))⊗ f1,1
)
+
(
vψ∞(b⊗ f1,1)− (b⊗ f1,1)v
)
=
(
(−qb(IA − q))⊗ f1,1
)
+
(
vψ∞(b⊗ f1,1)− (b⊗ f1,1)v
)
(by definition of ψq)
∈ KΦ(N ⊗ B(H), τ). (by Lemma 2.2.7, (5.17) and (b))
Moreover, for all b ∈ F ,
Φ(w
(
ψq(b)⊗ f1,1 +
∞∑
i=2
ψ(b)⊗ fi,i
)
−
(
b⊗ f1,1
)
w) (5.21)
≤ Φ
(
(−qb(IA − q))⊗ f1,1
)
+ Φ
(
vψ∞(b⊗ f1,1)− (b⊗ f1,1)v
)
≤ ǫ/2, (by Lemma 2.2.7, (5.18) and (c))
From (5.19), (5.20), (5.21) and Definition 2.3.1,
idA ∼
(F,ǫ/2)
B ψq ⊕ ψ ⊕ ψ ⊕ · · · , mod (KΦ(N , τ)). (5.22)
It is a direct consequence of Definition 2.3.1 that
ψq ⊕ ψ ⊕ ψ ⊕ · · · ∼B ψq ⊕ 0⊕ ψ ⊕ ψ ⊕ · · · , mod (KΦ(N , τ))
which implies that
idA ∼
(F,ǫ/2)
B ψq ⊕ 0⊕ ψ ⊕ ψ ⊕ · · · , mod (KΦ(N , τ)).
Hence,
idA ⊕ ψ ∼
(F,ǫ/2)
B ψq ⊕ ψ ⊕ ψ ⊕ ψ ⊕ · · · , mod (KΦ(N , τ)). (5.23)
Combining (5.22) and (5.23), we have
idA ⊕ ψ ∼
(F,ǫ)
B idA, mod (KΦ(N , τ)).
This completes the proof of the theorem. 
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5.3. Some consequences.
The following are quick consequences of Theorem 5.2.2, Proposition 4.2.2 and Proposition
4.3.1.
Theorem 5.3.1. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ and let K(N , τ) be the set of compact operators in
(N , τ).
Suppose A is a separable nuclear C∗-subalgebra of N with an identity IA. If ψ : A → N is
a ∗-homomorphism satisfying ψ(A ∩K(N , τ)) = 0, then
idA ∼A idA ⊕ ψ, mod (K(N , τ)).
Theorem 5.3.2. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ and let K(N , τ) be the set of compact operators in
(N , τ). Let r ≥ 2 be a positive integer and let Kr(N , τ) = Lr(N , τ) ∩ N be a norm ideal of
(N , τ) equipped with a norm Φ satisfying Φ(x) = max{‖x‖, ‖x‖r}, ∀ x ∈ Lr(N , τ) ∩ N .
Suppose A is a separable abelian C∗-subalgebra of N with an identity IA and B is a ∗-
subalgebra generated by a family of self-adjoint elements IA, x1, . . . , xr in A. If ψ : A → N is a
∗-homomorphism satisfying ψ(A ∩ K(N , τ)) = 0, then
idA ∼B idA ⊕ ψ, mod (Kr(N , τ)).
6. Perturbations of Normal Operators in Semifinite von Neumann Algebras
The section is devoted to prove a version of Voiculescu’s Theorem for normal operators in a
semifinite von Neumann algebra.
6.1. Voiculescu Theorem for normal operators in semifinite factors.
Lemma 6.1.1. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ . Let F(N , τ) and K(N , τ) be the sets of finite
rank operators, and compact operators respectively, in (N , τ). Suppose W is a von Neumann
subalgebra of N containing I, an identity of N . Then there is a sequence {pn}n∈N of orthogonal
projections in W such that
(1) 0 ≤ τ(pn) <∞;
(2) For any x ∈ W ∩K(N , τ), (I − p)x = 0 where p =
∑
n∈N pn.
Proof. Without loss of generality we assume that W ∩K(N , τ) 6= 0. Since N is countably
decomposable, any family of nonzero mutually orthogonal projections in N must be countable.
By Zorn’s Lemma, there exists a maximal family {pn}Nn=1 (here N might be ∞) of nonzero
orthogonal projections in W such that 0 ≤ τ(pn) < ∞ for each n. Let p =
∑N
n=1 pn be a
projection in W.
We assert that (I − p)x = 0 for every x in W ∩ K(N , τ). In fact, assume contrarily that
there exists an x in W ∩K(N , τ) such that (I − p)x 6= 0. Then
0 6= (I − p)xx∗(I − p) ∈ W ∩ K(N , τ).
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By Lemma 6.8.1 in [13], there exists a nonzero spectral projection e of (I − p)xx∗(I − p) in
(I − p)W(I − p) such that e ∈ W ∩ K(N , τ). This further implies that e ∈ F(N , τ) and
0 ≤ τ(e) <∞ and e ≤ (I − p). It contradicts the maximality of {pn}
N
n=1.
If N < ∞, then, by allowing pn = 0 for all n > N , we get a sequence {pn}∞n=1 with desired
properties. This completes the proof of the lemma. 
Theorem 6.1.2. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal semifinite tracial weight τ . Let r ≥ 2 be a positive integer. Assume {ai}ri=1
is a family of commuting self-adjoint operators in N . Then, for any ǫ > 0, there is a family
{di}
r
i=1of commuting diagonal operators in N such that
max
1≤i≤r
{‖ai − di‖, ‖ai − di‖r} ≤ ǫ.
Proof. Recall that K(N , τ) is the set of compact operators in (N , τ) and Kr(N , τ) =
Lr(N , τ) ∩N is a norm ideal of (N , τ) equipped with a norm Φ satisfying
Φ(x) = max{‖x‖, ‖x‖r}, ∀ x ∈ L
r(N , τ) ∩ N .
Let W be an abelian von Neumann subalgebra generated by I, a1, . . . , ar in N , where I is
an identity of N . By Lemma 6.1.1, there exists a sequence {pn}∞n=1 of mutually orthogonal
projections in W such that the following are true.
(i) 0 ≤ τ(pn) <∞.
(ii) Let p =
∑
n∈N pn. Then (I − p)x = 0 for all x ∈ W ∩K(N , τ).
From (ii), it follows
τ(I − p) =∞ or 0.
We will proceed the proof according to either τ(I − p) =∞ or τ(I − p) = 0.
Case (1): Suppose τ(I − p) =∞.
We have
ai = pai + (I − p)ai for 1 ≤ i ≤ r. (6.1)
SinceN is a countably decomposable, properly infinite factor, there exists a sequence of mutually
orthogonal projections {qn}n∈N in N such that I − p =
∑
n∈N qn and τ(qn) =∞ for all n ∈ N.
Let A1 and B1 be an abelian C∗-subalgebra, and a ∗-subalgebra respectively, generated by
I, a1, . . . , ar inW. Note (I−p)A1 is also an abelian and separable C∗-algebra. Thus there exists
a sequence {ρk}k∈N of one-dimensional ∗-representations of (I − p)A1 such that ⊕kρk is faithful
on (I − p)A1.
Note I − p =
∑
n∈N qn and ρk((I − p)A1) is a set of scalars for each k ≥ 1. We define
yi , pai +
∞∑
k=1
ρk((I − p)ai)qk, for 1 ≤ i ≤ r. (6.2)
LetA2 and B2 be an abelian C∗-subalgebra, and a ∗-algebra respectively, generated by {I, y1, . . . , yr}
in N . Note p and I − p commute with A2.
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Claim 6.1.2.1. For each 1 ≤ i ≤ r, there is a diagonal operator d˜i in N such that
Φ(yi − d˜i) ≤
ǫ
2
.
Proof of the Claim 6.1.2.1: As each ρk is a one dimensional ∗-representation of (I − p)A1,
(I − p)yi =
∞∑
k=1
ρk((I − p)ai)qk
is a diagonal operator in N for each i ∈ {1, . . . , r}. From (ii) and (6.2),
pyi = pai =
∞∑
n=1
pnai.
For each n ∈ N, letWn be an abelian von Neumann subalgebra generated by {pn, pna1, . . . , pnar}
in W. By spectral theorem, there are kn in N, a family {e
(n)
1 , . . . , e
(n)
kn
} of mutually orthogonal
projections in Wn and a family {λ
(n)
i,1 , . . . , λ
(n)
i,kn
} of real numbers, such that
kn∑
l=1
e
(n)
l = pn, and ‖pnai −
kn∑
l=1
λ
(n)
i,l e
(n)
l ‖ ≤
ǫ
2n+1(Φ(pn) + 1)
, ∀ 1 ≤ i ≤ r.
By Lemma 2.1.5,
Φ(pnai −
kn∑
l=1
λ
(n)
i,l e
(n)
l ) ≤ Φ(pn)‖pnai −
kn∑
l=1
λ
(n)
i,l e
(n)
l ‖ ≤
ǫ
2n+1
, ∀ n ∈ N, ∀1 ≤ i ≤ r.
Then
d˜i =
∞∑
n=1
( kn∑
l=1
λ
(n)
i,l e
(n)
l
)
+
∞∑
k=1
ρk((I − p)ai)qk
is a diagonal operator in N satisfying
Φ(yi − d˜i) ≤
ǫ
2
, ∀ i ∈ {1, . . . , r}.
This ends the proof of the claim.
(Continue the proof of theorem:) Define a ∗-homomorphism ψ1 : A1 → N by
ψ1(x) =
∞∑
k=1
ρk((I − p)x)qk for all x ∈ A1. (6.3)
From (ii) in the choice of {pn}∞n=1, it is clear that
ψ1(A1 ∩ K(N , τ)) = 0 and ψ1(I) = I − p.
Since ⊕kρk is a faithful ∗-representation of (I − p)A1, the map
ρ : (I − p)A1 → (I − p)A2,
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defined by
ρ(x) =
∑
k∈N
ρk(x)qk, ∀ x ∈ (I − p)A1
is a ∗-isomorphism from (I − p)A1 onto (I − p)A2. Thus the map
ψ2 : A2 → N ,
by
ψ2(y) = ρ
−1((I − p)y) for all y ∈ A2, (6.4)
is well-defined. By the fact that τ(qk) = ∞ for all k ≥ 1, we conclude that ψ2 is a ∗-
homomorphism such that
ψ2(A2 ∩ K(N , τ)) = 0, and ψ2(I) = I − p.
As a summary, we have proven the following claim.
Claim 6.1.2.2. For 1 ≤ j ≤ 2, ψj : Aj → N is a ∗-homomorphism satisfying
ψj(Aj ∩ K(N , τ)) = 0, and ψj(I) = I − p.
Claim 6.1.2.3. With ψ1 and ψ2 as above, we have
idA1 ∼B1 idA1 ⊕ ψ1 mod (Kr(N , τ)),
and
idA2 ∼B2 idA2 ⊕ ψ2 mod (Kr(N , τ)).
Moreover, for 1 ≤ i ≤ r,
(idA1 ⊕ ψ1)(ai) = pai ⊕ (I − p)ai ⊕
∞∑
k=1
ρk((I − p)ai)qk, (6.5)
and
(idA2 ⊕ ψ2)(yi) = pai ⊕
∞∑
k=1
ρk((I − p)ai)qk ⊕ (I − p)ai. (6.6)
Proof of the Claim 6.1.2.3: By Theorem 5.2.2 and Claim 6.1.2.2,
idA1 ∼B1 idA1 ⊕ ψ1 mod (Kr(N , τ)),
and
idA2 ∼B2 idA2 ⊕ ψ2 mod (Kr(N , τ)).
From (6.1) and (6.3),
(idA1 ⊕ ψ1)(ai) = pai ⊕ (I − p)ai ⊕
∞∑
k=1
ρk((I − p)ai)qk.
From (6.2) and (6.4),
(idA2 ⊕ ψ2)(yi) = pai ⊕
∞∑
k=1
ρk((I − p)ai)qk ⊕ (I − p)ai
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for i ∈ {1, . . . , r}. This ends the proof of the claim.
(Continue the proof of theorem:) By Claim 6.1.2.3 and Definition 2.3.1, there exist partial
isometries w1 and w2 in N ⊗ B(H), where H is a separable Hilbert space, such that
(iii) w1w
∗
1 = I and w
∗
1w1 = p⊕ (I − p)⊕ (I − p);
(iv) Φ
(
ai − w1
(
pai ⊕ (I − p)ai ⊕
∞∑
k=1
ρk((I − p)ai)qk
)
w∗1
)
≤ ǫ/4, for all 1 ≤ i ≤ r.
(v) w2w
∗
2 = I and w
∗
2w2 = p⊕ (I − p)⊕ (I − p);
( vi) Φ
(
yi − w2
(
pai ⊕
∞∑
k=1
ρk((I − p)ai)qk ⊕ (I − p)ai
)
w∗2
)
≤ ǫ/4, for all 1 ≤ i ≤ r.
From (6.5) and (6.6), there exists a partial isometry w3 in N ⊗B(H) such that
(vii) w3w
∗
3 = w
∗
3w3 = p⊕ (I − p)⊕ (I − p);
( viii) pai ⊕
∞∑
k=1
ρk((I − p)ai)qk ⊕ (I − p)ai = w3
(
pai⊕ (I − p)ai ⊕
∞∑
k=1
ρk((I − p)ai)qk
)
w∗3, for
all 1 ≤ i ≤ r.
Let u = w2w3w1. Then from (iii), (v) and (viii), we know that u is a unitary element in N .
Now (iv) and (vi) imply that
Φ(ai − u
∗yiu) ≤
ǫ
2
.
By Claim 6.1.2.1, there exist diagonal operators {d˜i}ri=1 in N such that, for each 1 ≤ i ≤ r,
Φ(yi − d˜i) ≤
ǫ
2
.
Let di = u
∗d˜iu for each 1 ≤ i ≤ r. Then di is a diagonal operator in N satisfying
Φ(ai − di) ≤ Φ(ai − u
∗yiu) + Φ(u
∗yiu− u
∗d˜iu) ≤ ǫ.
Case (2): Suppose that τ(I − p) = 0. Then ai = pai for 1 ≤ i ≤ r. So Claim 6.1.2.1 finishes
the proof of the result. 
Applying Theorem 6.1.2, we obtain the following generalization of Voiculescu’s Theorem for
normal operators in a type I∞ factor.
Corollary 6.1.3. Let N be a countably decomposable, properly infinite, semifinite factor
with a faithful normal semifinite tracial weight τ . Assume a ∈ N is a normal operator. Given
any ǫ > 0, there is a diagonal operator d in N such that ‖a− d‖ ≤ ǫ and ‖a− d‖2 ≤ ǫ.
Proof. Suppose a = a1 + ia2 where a1 and a2 are self-adjoint and commutative. Then the
statement is a direct consequence of Theorem 6.1.2. 
Lemma 6.1.4. Let N be a countably decomposable, properly infinite, semifinite factor with
a faithful normal tracial weight τ . Suppose q is a projection in N and {λn}
∞
n=1 is a family of
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complex numbers with a limit point λ0. Then, for each ǫ > 0, there exists a family {qn}∞n=1 of
orthogonal projections in N such that
∑∞
n=1 qn = q and
max{‖λ0q −
∞∑
n=1
λnqn‖, ‖λ0q −
∞∑
n=1
λnqn‖2} ≤ ǫ.
Proof. Since τ is a faithful, normal, semifinite tracial weight of a countably decomposable
factor N , there exists a family {ek}∞k=1 of orthogonal projections in N such that
∑∞
k=1 ek = q
and τ(ek) <∞ for all k ≥ 1. For each k ≥ 1, there exists a positive integer mk such that
max{‖λ0ek − λmkek‖, ‖λ0ek − λmkek‖2} ≤
ǫ
2k
,
as λ0 is a limit point of {λk}∞k=1 and τ(ek) <∞. It follows that
max{‖λ0q −
∞∑
k=1
λmkek‖, ‖λ0q −
∞∑
k=1
λmkek‖2} ≤ ǫ.
Let, for each n ≥ 1,
qn =
∑
mk=n
ek,
where some qn could be 0. Then,
∑∞
n=1 qn = q and
max{‖λ0q −
∞∑
n=1
λnqn‖, ‖λ0q −
∞∑
n=1
λnqn‖2} ≤ ǫ.

Combining Corollary 6.1.3 and Lemma 6.1.4, we have the following result.
Lemma 6.1.5. Let N be a countably decomposable, properly infinite, semifinite factor with a
faithful normal semifinite tracial weight τ . Assume a ∈ N is a normal operator. Suppose that
{λn}∞n=1 is a family of complex numbers such that the ball {λ ∈ C : |λ| ≤ 2‖a‖} is contained
in the closure of {λn}∞n=1. Then, for any 0 < ǫ < ‖a‖, there is a family {qn}
∞
n=1 of orthogonal
projections in N such that
‖a−
∞∑
n=1
λnqn‖ ≤ ǫ and ‖a−
∞∑
n=1
λnqn‖2 ≤ ǫ.
6.2. Voiculescu Theorem for normal operators in semifinite von Neumann alge-
bras.
In this subsection, we are going to use the theory of direct integral of separable Hilbert spaces
and von Neumann algebras acting on separable Hilbert spaces (see [13] for general knowledge
of direct integral). In order to give a clear discussion, we list some lemmas which will be needed
in this part of the paper.
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Lemma 6.2.1. ([13]) Suppose M is a von Neumann algebra acting on a separable Hilbert
space H and Z is the center of M. Then there is a direct integral decomposition of M relative
to Z, i.e., there exists a locally compact complete separable metric (Borel measure) space (X, µ)
such that
(1) H is (unitarily equivalent to) the direct integral of {Hs : s ∈ X} over (X, µ), where
each Hs is a separable Hilbert space, s ∈ X ;
(2) M is (unitarily equivalent to) the direct integral of {Ms : s ∈ X} over (X, µ), where
Ms is a factor in B(Hs) almost everywhere. Also, if M is of type In (n could be
infinite), II1, II∞ or III, then the components Ms are, almost everywhere, of type In,
II1, II∞ or III respectively.
Remark 6.2.2. Let M =
∫
X
⊕Msdµ and H =
∫
X
⊕Hsdµ be the direct integral decomposi-
tions of (M,H) relative to the center Z of M. By the argument in section 14.1 in [13], we
can find a separable Hilbert space H˜ and a family of unitaries {Us : Hs → H˜ as s ∈ X} such
that s → Usη1(s) is measurable (i.e., s → 〈Usη1(s), η2〉 is measurable for any vector η2 in H˜)
for every η1 ∈ H and s→ Usx(s)U∗s is measurable (i.e., s→ 〈Usx(s)U
∗
s η1, η2〉 is measurable for
any vector η1, η2 in H˜) for every decomposable operator x ∈ B(H).
Lemma 6.2.3. Let M be a properly infinite von Neumann algebra acting on a separable
Hilbert space H with a faithful, normal, semifinite tracial weight τ and let Z be the center of
M. Suppose M =
∫
X
⊕Msdµ and H =
∫
X
⊕Hsdµ are direct integral decompositions of M and
H over (X, µ) relative to Z. Then there exist a µ-null set N and a family {ξn}n∈N of vectors in
H such that
(i) there is a family of faithful, normal, semifinite tracial weights τs on Ms for s ∈ X \N
satisfying, for every positive x ∈M,
τ(x) =
∫
X
τs(x(s))dµ; (6.7)
(ii) moreover, for all s ∈ X \N ,
τs(x(s)) =
∑
n∈N
〈x(s)ξn(s), ξn(s)〉, for all positive x(s) ∈Ms.
Proof. By Definition 7.5.1 and Theorem 7.1.12 in [13], there is a family {ξn}n∈N of vectors
in H such that τ =
∑∞
n=1 ωξn where ωξn(·) = 〈 · ξn, ξn〉 is a vector state for each n. Take
τs =
∑∞
n=1 ωξn(s) for every s ∈ X. So for every positive x ∈ M,∫
X
τs(x(s))dµ =
∫
X
∞∑
n=1
〈x(s)ξn(s), ξn(s)〉dµ =
∞∑
n=1
∫
X
〈x(s)ξn(s), ξn(s)〉dµ
=
∞∑
n=1
〈xξn, ξn〉 = τ(x).
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Thus proof of Lemma 14.1.19 in [13] shows that τs is faithful, normal, semifinite tracial weight
of Ms almost everywhere. By the construction of τs,
τs(x(s)) =
∑
n∈N
〈x(s)ξn(s), ξn(s)〉, for all positive x(s) ∈Ms almost everywhere.

The following is the main result of the section.
Theorem 6.2.4. LetM be a properly infinite semifinite von Neumann algebra with separable
pre-dual and let τ be a faithful normal semifinite tracial weight of M. Assume a is a normal
operator in M. Given any ǫ > 0, there is a diagonal operator d in M such that
max{‖a− d‖, ‖a− d‖2} ≤ ǫ.
Proof. We might assume that M acts on a separable Hilbert space H. Assume that a
countable dense subset {λi}i∈N of the ball {λ ∈ C : |λ| ≤ 2‖a‖} is fixed.
Let M =
∫
X
⊕Msdµ, H =
∫
X
⊕Hsdµ and τ =
∫
X
⊕τsdµ be direct integral decompositions
ofM, H and τ over (X, µ) relative to the center ofM. We might assume that, for s ∈ X almost
everywhere, Ms is a properly infinite factor with a faithful normal semifinite tracial weight τs.
As a is a normal operator in M, a =
∫
X
a(s)dµ where a(s) is a normal operator in Ms
almost everywhere. Thus we can find a Borel µ-null set N1 such that
a(s) is normal and ‖a(s)‖ ≤ ‖a‖ for s ∈ X\N1. (6.8)
Note X is a σ-compact locally compact space and µ is the completion of a Borel measure on
X . We might assume that X = ∪m∈NKm, where {Km}m∈N is a family of disjoint Borel subsets
of X such that µ(Km) <∞ for all m ≥ 1.
From Remark 6.2.2, there are a separable Hilbert space H˜ and a family of unitary elements
{Us : Hs 7→ H˜; s ∈ X}
such that s 7→ Usζ(s) and s 7→ Usx(s)U∗s are measurable for any ζ ∈ H and any decomposable
operator x ∈ B(H). Let B be the unit ball of B(H˜) equipped with the ∗-SOT. Then it is
metrizable by setting ρ(x, y) =
∑∞
n=1
1
2n
(‖(x − y)ζn‖ + ‖(x∗ − y∗)ζn‖) for any x, y ∈ B where
{ζn}n∈N is an orthonormal basis of H˜. The metric space (B, ρ) is complete and separable. Now
let B1 = · · · = Bi = · · · = B and C =
∏
i∈NBi provided with the product topology of the ∗-SOT
on each Bi. It implies that C is metrizable and in fact it is a complete separable metric space.
We denote by
(s, q1, . . . , qi, . . .)
an element in X × C. Since x 7→ x∗ and x 7→ x2 are ∗-SOT continuous from B to B, the maps
(s, q1, . . .) 7→ qi; (s, q1, . . .) 7→ q
2
i ; (s, q1, . . .) 7→ q
∗
i and (s, q1, . . .) 7→ qiqj (6.9)
are Borel measurable from X × C to B.
From Definition 14.1.14 and Lemma 14.1.15 in [13], there exists a family {a′j}j∈N of operator
inM′ such that {a′j(s)}j∈N is SOT dense in the unit ball ofM
′
s almost everywhere. Combining
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with Remark 6.2.2, there exists a Borel µ-null subset N2 of X such that s 7→ Usa′j(s)U
∗
s is Borel
measurable when restricted to X\N2 for all j ∈ N. Hence the maps
(s, q1, . . .) 7→ Usa
′
j(s)U
∗
s qi and (s, q1, . . .) 7→ qiUsa
′
j(s)U
∗
s (6.10)
are Borel measurable when restricted to (X\N2)× C.
From Lemma 6.2.3, there exist a Borel µ-null set N3 and a family {ξn}n∈N of vectors in H
such that
τs(x(s)) =
∑
n∈N
〈x(s)ξn(s), ξn(s)〉, ∀ x(s) ∈ (Ms)
+, s ∈ X \N3. (6.11)
Define a mapping ‖ · ‖s,2 :Ms → [0,∞] as follows. For each s ∈ X \N3,
‖x(s)‖s,2 =
(
τs(|x(s)|
2)
)1/2
=
( ∞∑
n=1
‖x(s)ξn(s)‖
2
)1/2
, ∀ x(s) ∈Ms. (6.12)
For each (q1, . . . , qi, . . .) ∈ C and j1, j2 ∈ N,
j2∑
n=1
‖
(
a(s)−
j1∑
i=1
λiU
∗
s qiUs
)
ξn(s)‖
2
=
j2∑
n=1
(
〈a(s)ξn(s), a(s)ξn(s)〉 − 〈Usa(s)U
∗
sUsξn(s),
j1∑
i=1
λiqiUsξn(s)〉
− 〈
j1∑
i=1
λiqiUsξn(s), Usa(s)U
∗
sUsξn(s)〉+ 〈
j1∑
i=1
λiqiUsξn(s),
j1∑
i=1
λiqiUsξn(s)〉
)
. (6.13)
Combining Remark 6.2.2 and (6.13), we get, for all j1, j2 ∈ N, the map
(s, q1, . . .) 7→
j2∑
n=1
‖
(
a(s)−
j1∑
i=1
λiU
∗
s qiUs
)
ξn(s)‖
2 (6.14)
is Borel measurable on (X\N4)× C, where N4 is a Borel µ-null subset of X .
Fix a family {ηn}n∈N of vectors in H such that {ηn(s)}n∈N is dense in Hs almost everywhere.
For each (q1, . . . , qi, . . .) ∈ C and j1, n ∈ N,
‖
(
a(s)−
j1∑
i=1
λiU
∗
s qiUs
)
ηn(s)‖
2
= 〈a(s)ηn(s), a(s)ηn(s)〉 − 〈Usa(s)U
∗
sUsηn(s),
j1∑
i=1
λiqiUsηn(s)〉
− 〈
j1∑
i=1
λiqiUsηn(s), Usa(s)U
∗
sUsηn(s)〉+ 〈
j1∑
i=1
λiqiUsηn(s),
j1∑
i=1
λiqiUsηn(s)〉. (6.15)
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Combining Remark 6.2.2 and (6.15), we get, for all j1, n ∈ N, the map
(s, q1, . . .) 7→ ‖(a(s)−
j1∑
i=1
λiU
∗
s qiUs)ηn(s)‖ (6.16)
is Borel measurable on (X\N5)× C, where N5 is a Borel µ-null subset of X .
Finally, let N6 be a Borel µ-null subset of X such that, for all n ∈ N
(s, q1, . . .) 7→ ‖ηn(s)‖ (6.17)
is Borel measurable on (X\N6)× C.
Let
N0 = N1 ∪N2 ∪N3 ∪N4 ∪N5 ∪N6.
Consider a subset A of (X\N0)× C, which consists of all these elements
(s, q1, q2, . . .) ∈ (X\N0)× C
satisfying
(a) for every i 6= j ∈ N, qi = q
∗
i = q
2
i and qiqj = 0;
(b) for every i, j ∈ N, Usa
′
j(s)U
∗
s qi = qiUsa
′
j(s)U
∗
s ;
(c) for each j2, m ∈ N and s ∈ Km ∩ (X \N0),
lim sup
j1→∞
( j2∑
n=1
‖
(
a(s)−
j1∑
i=1
λiU
∗
s qiUs
)
ξn(s)‖
2
)1/2
≤
ǫ
2m(µ(Km) + 1)1/2
;
(d) for each n ∈ N,
lim sup
j1→∞
‖
(
a(s)−
j1∑
i=1
λiU
∗
s qiUs
)
ηn(s)‖ ≤ ǫ‖ηn(s)‖.
From (6.9), (6.10), (6.14), (6.16), and (6.17), it induces that A is a Borel set. Then by
Theorem 14.3.5 in [13], the set A is analytic.
Claim 6.2.4.1. Let π be the projection from X × C onto X. Then π(A) = X\N0.
Proof of the Claim: Recall that {λi}i∈N is dense in the ball {λ ∈ C : |λ| ≤ 2‖a‖}. For a given
s ∈ X \N0, there exists an m ∈ N such that s ∈ Km. For such m ∈ N, by (6.8) and Corollary
6.1.5, there is a family {q˜i}i∈N of orthogonal projections in Ms such that
max{‖a(s)−
∑
i∈N
λiq˜i‖, ‖a(s)−
∑
i∈N
λiq˜i‖s,2} ≤
1
2
·
ǫ
2m(µ(Km) + 1)1/2
, (6.18)
where ‖ · ‖s,2 is defined in (6.12). Put qi = Usq˜iU∗s for i ≥ 1. It is not difficult to see that
(s, q1, . . . , qi, . . .) is an element satisfying (a) and (b). Note that
∑j1
i=1 λiU
∗
s qiUs converges to∑
i∈N λiU
∗
s qiUs (=
∑
i∈N λiq˜i) in SOT as j1 goes to infinity. Now, combining (6.18) with the
definition of ‖ · ‖s,2 in (6.12), we know that (s, q1, . . . , qi, . . .) satisfies (c) and (d). Therefore,
(s, q1, . . . , qi, . . .) is an element in A. So π(A) = X\N0. This completes the proof the claim.
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Continue the proof of the theorem: From Claim 6.2.4.1 and Theorem 14.3.6 in [13], we can
find a measurable mapping
s 7→ (q(s)1 , . . . , q
(s)
i , . . .)
from X\N0 to C such that, for s ∈ X\N0 almost everywhere,
(s, q
(s)
1 , . . . , q
(s)
i , . . .)
satisfies conditions (a), (b), (c) and (d).
By defining q
(s)
i = 0 for every i ∈ N and s ∈ N0, we obtain a measurable mapping
s 7→ (q(s)1 , . . . , q
(s)
i , . . .)
from X to C such that, for s ∈ X almost everywhere,
(s, qs1, . . . , q
(s)
i , . . .)
satisfies conditions (a), (b), (c) and (d). For all vectors ζ1, ζ2 ∈ H and i ∈ N, we have
〈U∗s q
(s)
i Usζ1(s), ζ2(s)〉 = 〈q
(s)
i Usζ1(s), Usζ2(s)〉
and thus the map s 7→ 〈U∗s qiUsζ1(s), ζ2(s)〉 is measurable. Note
|〈U∗s q
(s)
i Usζ1(s), ζ2(s)〉| ≤ ‖ζ1(s)‖‖ζ2(s)‖.
So the map s 7→ 〈U∗s q
(s)
i Usζ1(s), ζ2(s)〉 is integrable. Then by Definition 14.1.1 in [13],
U∗s q
(s)
i Usζ1(s) = (piζ1)(s) (6.19)
almost everywhere for some piζ1 ∈ H. Thus (b) and (6.19) imply that pi(s) = U
∗
s q
(s)
i Us ∈ Ms
almost everywhere. It follows that pi ∈ M. From (a), we conclude that {pi}i∈N is a family of
orthogonal projections in M.
Note that
∑
i∈N λipi(s) converges in SOT and {ηn(s)}n∈N is dense in Hs almost everywhere.
From (d), it follows that
‖a−
∑
i∈N
λipi‖ = ess sup
s∈X
‖a(s)−
∑
i∈N
λipi(s)‖ ≤ ǫ,
From (c) and the fact that
∑
i∈N λipi(s) converges in SOT almost everywhere, it follows that,
for all m, j2 ∈ N and s ∈ Km ∩ (X \N0),( j2∑
n=1
‖
(
a(s)−
∞∑
i=1
λipi(s)
)
ξn(s)‖
2
)1/2
≤
ǫ
2m(µ(Km) + 1)1/2
.
By (6.12), for all m ∈ N and s ∈ Km ∩ (X \N0),
‖a(s)−
∞∑
i=1
λipi(s)‖
2
s,2 ≤
ǫ2
22m(µ(Km) + 1)
. (6.20)
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Therefore,
‖a−
∞∑
i=1
λipi‖2 =
( ∫
X
‖a(s)−
∞∑
i=1
λipi(s)‖
2
s,2 dµ
)1/2
(by (6.11) and (6.12))
=
(∑
m∈N
∫
Km
‖a(s)−
∞∑
i=1
λipi(s)‖
2
s,2 dµ
)1/2
≤
(∑
m∈N
ǫ2 · µ(Km)
22m(µ(Km) + 1)
)1/2
(by (6.20))
≤ ǫ.
Let d =
∑∞
i=1 λipi. Then d is a diagonal operator in M such that
max{‖a− d‖, ‖a− d‖2} ≤ ǫ.
This finishes the proof of the theorem. 
The “properly infinite” condition on M in the preceding theorem is unnecessary.
Theorem 6.2.5. Let M be a semifinite von Neumann algebra with separable pre-dual and
let τ be a faithful normal semifinite tracial weight of M. Assume a is a normal operator in M.
Given an ǫ > 0, there is a diagonal operator d in M such that
max{‖a− d‖, ‖a− d‖2} ≤ ǫ.
Proof. Let Z be the center of M. By the type decomposition theorem, there exists a
projection p in Z such that pM is properly infinite (or 0) and (I − p)M is finite (or 0). From
Theorem 6.2.4, we can find a diagonal operator d0 in pM such that
max{‖pa− d0‖, ‖pa− d0‖2} ≤
ǫ
2
.
On the other hand, by Proposition I.6.10 in [10] and the fact that M has a separable pre-dual,
there exists a family {pn}∞n=1 of orthogonal projections in Z such that I − p =
∑∞
n=1 pn and
τ(pn) < ∞ for all n ≥ 1. For each n ≥ 1, as τ(pn) < ∞, we can find a diagonal operator dn in
pnM such that
max{‖pna− dn‖, ‖pna− dn‖2} ≤
ǫ
2n+1
.
Let d =
∑∞
n=0 dn. Then d is a diagonal operator d in M satisfying
max{‖a− d‖, ‖a− d‖2} ≤ ǫ.

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